
Homework 7

Sunday 3rd November, 2024

1 About inverse

1 Given invertible matrix M ∈ Fn×n, if we rotate M by 90 degrees clockwise,
what will happen to M−1?
Solution.
M−1 will be rotated by 90 degrees anticlockwise.

2 Find the inverse of

M =



1 −1 −1 · · · −1
−1 2 −1 · · · −1
−1 −1 2 · · · −1
...

...
... . . . ...

−1 −1 −1 · · · 2


.

Solution.
Do row exchange to

[
M I

]
.

Subtract the first row from others to get

1 −1 −1 · · · −1 1 0 0 · · · 0
−2 3 0 · · · 0 −1 1 0 · · · 0
−2 0 3 · · · 0 −1 0 1 · · · 0
...

...
... . . . ...

...
...

... . . . ...
−2 0 0 · · · 3 −1 0 0 · · · 1


.

Divide every row except the first one by 3 to get

1 −1 −1 · · · −1 1 0 0 · · · 0
−2

3 1 0 · · · 0 −1
3

1
3 0 · · · 0

−2
3 0 1 · · · 0 −1

3 0 1
3 · · · 0

...
...

... . . . ...
...

...
... . . . ...

−2
3 0 0 · · · 1 −1

3 0 0 · · · 1
3


.
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1 ABOUT INVERSE 2

Add every row except the first one to the first one and then divide it by the first entry to get

1 0 0 · · · 0 4−n
5−2n

1
5−2n

1
5−2n · · · 1

5−2n

−2
3 1 0 · · · 0 −1

3
1
3 0 · · · 0

−2
3 0 1 · · · 0 −1

3 0 1
3 · · · 0

...
...

... . . . ...
...

...
... . . . ...

−2
3 0 0 · · · 1 −1

3 0 0 · · · 1
3


.

Finally, add the first row multiplied by 2
3 to others to get the inverse of M is that

M−1 =



4−n
5−2n

1
5−2n

1
5−2n · · · 1

5−2n
1

5−2n
7−2n

3(5−2n)
2

3(5−2n) · · · 2
3(5−2n)

1
5−2n

2
3(5−2n)

7−2n
3(5−2n) · · · 2

3(5−2n)
...

...
... . . . ...

1
5−2n

2
3(5−2n)

2
3(5−2n) · · · 7−2n

3(5−2n)


.

or

M−1 = 1
5 − 2n



4 − n 1 1 · · · 1
1 7−2n

3
2
3 · · · 2

3

1 2
3

7−2n
3 · · · 2

3
...

...
... . . . ...

1 2
3

2
3 · · · 7−2n

3


.

3 Find the inverse of

M =


ξ1·1 ξ1·2 · · · ξ1·n

ξ2·1 ξ2·2 · · · ξ2·n

...
... . . . ...

ξn·1 ξn·2 · · · ξn·n


where ξ = exp

(
2πi
n

)
is the unit root of zn − 1 = 0.

Solution.
Consider the square of M , whose (i, j)-entry is

n∑
k=1

ξik+kj =
n∑

k=1

(
ξi+j

)k
.

When n | i + j, the value will be n, otherwise, the value will be = ξi+j (ξi+j)n−1
ξi+j−1 = 0, so

M2 = n



0 0 · · · 0 1 0
0 0 · · · 1 0 0
...

... . . . ...
...

...
0 1 · · · 0 0 0
1 0 · · · 0 0 0
0 0 · · · 0 0 1


.
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Hence,

M−1 = M
(
M2

)−1
= n


ξ(n−1)·1 ξ(n−1)·2 · · · 1
ξ(n−2)·1 ξ(n−2)·2 · · · 1

...
... . . . ...

1 1 · · · 1

 .

4 Find the inverse of

B A

O B

 where

A =


a a · · · a

a a · · · a
...

... . . . ...
a a · · · a

 , B =


0 1 · · · 1
1 0 · · · 1
...

... . . . ...
1 1 · · · 0

 .

Solution.
Let α = (1, 1, . . . , 1)T , then A = aααT , B = ααT − I and αT α = n.
Suppose the inverse of B is kααT − I, since

(
ααT − I

) (
kααT − I

)
= I, k = 1

n−1 .
Hence, B A

O B

−1

=

B−1 −B−1AB−1

O B−1

 =

 1
n−1ααT − I − a

(n−1)2 ααT

O 1
n−1ααT − I

 .

5 Find the inverse of circulant matrix

M =



1 2 3 · · · n

n 1 2 · · · n − 1
n − 1 n 1 · · · n − 2

...
...

... . . . ...
2 3 4 · · · 1


.

Solution.
Let

Z =



0 1 0 · · · 0
0 0 1 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

1 0 0 · · · 0


.

Then Zn = I, and M can be expressed as

M = I + 2Z + 3Z2 + · · · + nZn−1.

Let
N = I + Z + Z2 + · · · + Zn−1.
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We can compute that M(Z − I) = nI − N and N(Z − I) = O.
Since Z − I | M − n(n+1)

2 I, we have

M(Z − I) = nI − N

=⇒ M(Z − I)
(

M − n(n + 1)
2 I

)
= n

(
M − n(n + 1)

2 I

)
− N

(
M − n(n + 1)

2 I

)
=⇒ M(Z − I)

(
M − n(n + 1)

2 I

)
= nM − n2(n + 1)

2 I

=⇒ M

(
(Z − I)

(
M − n(n + 1)

2 I

)
− n

)
= −n2(n + 1)

2 I

Therefore, the inverse of M is

M−1 = − 2
n2(n + 1)

(
(Z − I)

(
M − n(n + 1)

2 I

)
− nI

)
.

or
M−1 = 1

n

( 2
n(n + 1)

(
I + Z + Z2 + · · · + Zn−1

)
+ Z − I

)
.

6 Find the inverse of

M =


1 1 · · · 1
1 2 · · · 2
...

... . . . ...
1 2 · · · n

 .

Solution.
Do row exchange to

[
M I

]
.

Subtract every row from the next row to get

1 1 1 · · · 1 1 0 0 · · · 0
0 1 1 · · · 1 −1 1 0 · · · 0
0 0 1 · · · 1 0 −1 1 · · · 0
...

...
... . . . ...

...
...

... . . . ...
0 0 0 · · · 1 0 0 0 · · · 1


.

Then subtract every row from the previous row to get

M−1 =



2 −1 0 · · · 0
−1 2 −1 · · · 0
0 −1 2 · · · 0
...

...
... . . . ...

0 0 0 · · · 1


.

7 Find the inverse of

M =


k0 · C0

0 0 · · · 0
k1 · C0

1 k0 · C1
1 · · · 0

...
... . . . ...

kn · C0
0 kn−1 · C1

n · · · k0 · Cn
n

 .
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Solution.
Let α(x) = (x0, x1, . . . , xn), according to binomial theorem, Mα(x) = α(x + k), so we can
easily get that M−1α(x) = α(x − k), that is to say,

M−1 =


(−k)0 · C0

0 0 · · · 0
(−k)1 · C0

1 (−k)0 · C1
1 · · · 0

...
... . . . ...

(−k)n · C0
0 (−k)n−1 · C1

n · · · (−k)0 · Cn
n

 .

8 Find the inverse of tridiagonal matrix

M =



2 cos x 1 0 · · · 0
1 2 cos x 1 · · · 0
0 1 2 cos x · · · 0
...

...
... . . . ...

0 0 0 · · · 2 cos x


.

Solution.
We claim that the (i, j)-entry of M−1 is (−1)i+j sin ix sin(n+1−j)x

sin(n+1)x sin x , i ≤ j,

(−1)i+j sin jx sin(n+1−i)x
sin(n+1)x sin x , i > j.

It can be easily checked that

(−1)i+i−1 sin(i − 1)x sin(n + 1 − i)x
sin(n + 1)x sin x

+ (−1)i+i sin ix sin(n + 1 − i)x
sin(n + 1)x sin x

2 cos x

+ (−1)i+i+1 sin ix sin(n − i)x
sin(n + 1)x sin x

=cos ix sin(n + 1 − i)x + cos(n + 1 − i)x sin ix

sin(n + 1)x

=1,

and when j ̸= i,

(−1)i+j−1 sin ix sin(n + 2 − j)x
sin(n + 1)x sin x

+ (−1)i+j sin ix sin(n + 1 − j)x
sin(n + 1)x sin x

2 cos x

+ (−1)i+j+1 sin ix sin(n − j)x
sin(n + 1)x sin x

=(−1)i+j sin ix

sin(n + 1)x sin x
(2 cos x sin(n + 1 − j)x − sin(n + 2 − j)x − sin(n − j)x)

=0.

That is what needs to prove.
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9 Find the inverse of Hilbert matrix

M =



1
1+1

1
1+2 · · · 1

1+n
1

2+1
1

2+2 · · · 1
2+1

...
... . . . ...

1
n+1

1
n+2 · · · 1

n+n

 .

Solution.
We first calculate the determinant of

N(n) =



1
a1+b1

1
a1+b2

· · · 1
a1+bn

1
a2+b1

1
a2+b2

· · · 1
a2+b1

...
... . . . ...

1
an+b1

1
an+b2

· · · 1
an+bn

 .

Since
1

ai + bj
− 1

an + bj
= an − ai

(ai + bj)(an + bj) ,

we have

det N(n) = (an + bn)

n−1∏
j=1

(an − aj)(bn − bj)

n∏
j=1

(an + bj)(aj + bn)
det N(n − 1).

Hence,

det N(n) =

∏
1≤i<j≤n

(aj − ai)(bj − bi)

n∏
i=1

n∏
j=i

(ai + bj)
.

Then (
M−1

)
ij

= (−1)i+jCi
nCi

n+iC
j
nCj

n+i

ij

i + j
.

10 Find the inverse of Vandermonde matrix

M =


x1

1 x2
1 · · · xn

1

x1
2 x2

2 · · · xn
2

...
... . . . ...

x1
n x2

n · · · xn
n

 .

Solution. We can use row exchange to get(
M−1

)
ij

= (−1)j−1 σn−j

xi
∏

k ̸=i
(xi − xk)

where
σ0 = 1,

σ1 = x1 + x2 + · · · + xn,

· · · ,

σn = x1x2 · · · xn.
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2 About vector spaces

1 Prove that any matrix A ∈ Fm×n can be expressed as A = LSĨDU where L

is lower triangular, S is a permutation matrix, Ĩ is the Hermitian form of A, D is
diagonal and U is upper triangular.

Proof. We can use the method of Gaussian Elimination.
First, for every non-zero column from left to right, find the first non-zero component that
is the first non-zero entry in its row, reduce other free components in the column with row
transformation (but not permutation) to zero, namely get QA = R where Q is lower triangular
and R is like the row echelon form of A.

Then, use permutation matrix P to exchange R’s rows to the form

Dr F

O O

 where Dr is

diagonal.

Let D =

Dr O

O In−r

, we have

Dr F

O O

 =

Ir O

O O

 Dr O

O In−r

 Ir F0

O In−r

 .

Let S = P −1, L = Q−1, U =

Ir F0

O In−r

, then we can factorize A as LSĨDU .

2 Suppose V is a 2024-dimensional vector space over field F, try to find a set
S of 2025 vectors in V , such that any 2024 vectors in S are linearly independent.
Solution.
Take e1, e2, . . . , e2024 that is a basis of V , let

S := {e1, e2, . . . , e2024, e1 + e2 + · · · + e2024} .

If any 2024 vectors in S are linearly dependent, we can immediately conclude that e1, e2, . . . , e2024

are linearly dependent, which is contradict to the definition of basis.

3 Suppose V is an n-dimensional vector space over number field F, try to
find an infinite set S of vectors in V , such that any n vectors in S are linearly
independent. What if F is finite?
Solution.
When F is a number field, consider matrix

M =


11 12 13 · · · 1n

21 22 23 · · · 2n

31 32 33 · · · 3n

...
...

... . . . ...

 .
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S is defined to contain all the row vectors of M , such that any n vectors in S form a Vander-
monde matrix, which is invertible, namely the vectors are linearly independent.
When F is a finite field, there are only finite vectors in V , so we cannot find an infinite set S.

4 Suppose V is an n-dimensional vector space over number field F, prove that
for any m subspaces Ui ⊂ V , Ui ̸= V , there exists

m⋃
i=1

Ui ̸= V . When F is not a
number field, try to give a counter example.

Proof. We will give the proof by induction.
When m = 1, we have U1 ̸= V .

Suppose
k⋃

i=1
Ui ̸= V , take α ∈ V \

k⋃
i=1

Ui. If α /∈ Uk+1,
k+1⋃
i=1

Ui ̸= V , otherwise, take β ∈

V \
k−1⋃
i=1

Ui ∪ Uk+1. If β /∈ Uk,
k+1⋃
i=1

Ui ̸= V , otherwise, consider infinite set (as F is a number

field)
S := {α + β, α + 2β, α + 3β, . . . } ,

at most one element in S belongs to Ui, or we have α, β ∈ Ui. Since k is finite, we can choose

α + tβ ∈ S such that α + tβ /∈
k+1⋃
i=1

Ui, so
k+1⋃
i=1

Ui ̸= V .

When F is not a number field, we can choose F = F2 and V = F2, let

U1 =


0

0

 ,

0
1

 , U2 =


0

0

 ,

1
0

 , U3 =


0

0

 ,

1
1

 .

We have U1 ∪ U2 ∪ U3 = V .

5 Suppose V is an n-dimensional vector space over any field F, U1 ̸= V and
U2 ̸= V are two subspaces of V , prove that U1 ∪ U2 ̸= V .

Proof. If U1 ⊂ U2 or U2 ⊂ U1, we have U1 ∪ U2 = U2 ̸= V or U1 ∪ U2 = U1 ̸= V .
Otherwise, there exists α ∈ U1 such that α /∈ U2 and β ∈ U2 such that β /∈ U1.
Then α + β /∈ U1 ∪ U2, so U1 ∪ U2 ̸= V .

6(Refer to former example) Suppose U1, U2, U3 are three subspaces of V , prove
that

(U1 + U2) ∩ U3 ⊃ (U1 ∩ U3) + (U2 ∩ U3) ,

U1 ∩ U2 + U3 ⊂ (U1 + U3) ∩ (U2 + U3) ,

and falsify the opposite side.

Proof. ∀u1 + u2 ∈ (U1 ∩ U3) + (U2 ∩ U3), we have u1 ∈ U1, u2 ∈ U2, and u1, u2 ∈ U3,
then u1 + u2 ∈ U1 + U2 and u1 + u2 ∈ U3, so u1 + u2 ∈ (U1 + U2) ∩ U3, which means
(U1 + U2) ∩ U3 ⊃ (U1 ∩ U3) + (U2 ∩ U3).
∀v + u ∈ U1 ∩ U2 + U3, we have v + u ∈ U1 + U3 and v + u ∈ U2 + U3, so U1 ∩ U2 + U3 ⊂
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(U1 + U3) ∩ (U2 + U3).
Take

U1 =


x

0

 | x ∈ R

 .

U2 =


0

x

 | x ∈ R

 .

U3 =


x

x

 | x ∈ R

 .

as a counter example.

7(Refer to former example) Prove the modular lattice structure of subspace,
that is to say, if U− is a subspace of U+, we have

(U− + U0) ∩ U+ = U− + (U0 ∩ U+) .

Proof. We can use the conclusion in 6.

U− + (U0 ∩ U+) ⊂ (U− + U0) ∩ (U− + U+) .

As U− is a subspace of U+, we have U− + U+ = U+, so U− + (U0 ∩ U+) ⊂ (U− + U0) ∩ U+.
∀u+v ∈ (U− + U0)∩U+, we have u ∈ U−, v ∈ U0 and u+v ∈ U+, since U− is a subspace of U+,
we have u ∈ U+ ,−u ∈ U+, so v = u + v − u ∈ U+, then v ∈ U0 ∩ U+, u + v ∈ U− + (U0 ∩ U+),
that is to say, (U− + U0) ∩ U+ ⊂ U− + (U0 ∩ U+).
To sum up, we have (U− + U0) ∩ U+ = U− + (U0 ∩ U+).

8 Suppose U1, U2, U3 are three subspaces of V , prove that

(U3 ∩ U1 + U2) ∩ U3 = U3 ∩ (U1 + U2 ∩ U3) ,

(U3 + U1) ∩ U2 + U3 = U3 + (U1 ∩ U2) + U3.

Proof. We only need to prove that

(U3 ∩ U1 + U2) ∩ U3 = U1 ∩ U3 + U2 ∩ U3,

(U3 + U1) ∩ U2 + U3 = (U1 + U3) ∩ (U2 + U3) .

Since U3 ∩ U1 ⊂ U3, by modular lattice structure, we have

(U3 ∩ U1 + U2) ∩ U3 = U3 ∩ U1 + U2 ∩ U3.

And since U3 ⊂ U3 + U1, by modular lattice structure, we have

U3 + U2 ∩ (U3 + U1) = (U3 + U2) ∩ (U3 + U1) .
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9 Let S be a subset of vector space V , prove that
⋂

S⊂U⊂V
U is the smallest

subspace that contains S, which will be defined as span(S).

Proof. Every condition of vector space that needs to be satisfied in
⋂

S⊂U⊂V
U is satisfied in

every U , so it is naturally satisfied in
⋂

S⊂U⊂V
U .

Since for any S ⊂ U0 ⊂ V , we have
⋂

S⊂U⊂V
U ⊂ U0, so it is the smallest one.

10 Let S1 and S2 are two maximal linearly independent sets of n-dimensional
vector space V , prove that they have the same cardinality, which will be defined
as dim(V ), and

rank := dim ◦ span .

Proof. Take
S1 = {u1, u2, . . . , ur} ,

S2 = {v1, v2, . . . , vs}

are linearly independent respectively.
As S2 can be a basis of V , for any ui, there exists ai1, ai2, . . . , ais such that

ui =
s∑

j=1
aijvj .

Then

[
u1 u2 · · · ur

]
=

[
v1 v2 · · · vs

]


a11 a12 · · · a1r

a21 a22 · · · a2r

...
... . . . ...

as1 as2 · · · asr

 =
[
v1 v2 · · · vs

]
A.

Consider equation

[
u1 u2 · · · ur

]


x1

x2
...

xr

 = 0.

On one side, since S1 can be a basis of V , x has only zero solution.
On the other side, Ax also has only zero solution.
If r > s, A has free columns, then Ax has non-zero solutions, which is contradict to x = 0.
Similarly, r < s is also impossible, so r = s.

11 Let S1 and S2 be two subsets of vector space V . Prove that if S1 ⊂ S2, then
span(S1) ⊂ span(S2) and that if span(S1) ⊂ span(S2), then rank(S1) ≤ rank(S2).
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Proof. If S1 ⊂ S2, ∀x ∈ span(S1), let {v1, v2, . . . , vr} be a basis of span(S1), then there exists
(a1, a2, . . . , ar), such that

x =
r∑

i=1
aivi.

Since vi ∈ S1, S1 ⊂ S2, then vi ∈ S2, so x ∈ span(S2), that is to say, span(S1) ⊂ span(S2).
If span(S1) ⊂ span(S2), let {v1, v2, . . . , vr} be a basis of span(S1), we have {v1, v2, . . . , vr} ⊂
span(S2), so rank(S1) ≤ rank(S2).

12 Let S1 and S2 be two subsets of vector space V . Prove that

1. If S1 ⊂ S2, then rank(S1) = rank(S2) if and only if span(S1) = span(S2);

2. If S1 = S2, then span(S1) = span(S2), if span(S1) = span(S2), then rank(S1) =
rank(S2);

3. The other side of 2 is incorrect.

Proof.

1. If span(S1) = span(S2), since dim is a mapping, rank(S1) = rank(S2).
If span(S1) ̸= span(S2), then let {v1, v2, . . . , vr} be a maximum linearly independent
set of S1, there exists vr+1 ∈ span(S2) \ span(S1), which are linearly independent, so
rank(S1) < r + 1 < rank(S2).

2. Since span and dim are mappings, this statement is correct.

3. For the former one,

S1 =


1

0

 ,

0
1

 , S2 =


1

0

 ,

 0
−1


can be a counter example.
For the latter one,

S1 =


x

0

 | x ∈ F

 , S2 =


0

x

 | x ∈ F


can be a counter example.

13 What will span(S) and rank(S) be if S = ∅ or S = V where V is an n-
dimensional vector space?
Solution.
When S = ∅, span(S) = {0}, rank(S) = 0.
When S = V , span(S) = V , rank(S) = n.
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14 Given S1 ⊂ S2 ⊂ V are two sets where V is an n-dimensional vector space,
prove that

span(S1 ∩ S2) = span(S1) ∩ span(S2),

span(S1 ∪ S2) = span(S1) + span(S2).

Given U1 ⊂ U2 ⊂ V are two subspaces, prove that

rank(U1 ∩ U2) = min(rank(U1), rank(U2)),

rank(U1 ∪ U2) = max(rank(U1), rank(U2)).

Proof. S1 ⊂ S2 =⇒ span(S1) ⊂ span(S2), so span(S1 ∩ S2) = span(S1) = span(S1) ∩
span(S2).
Others are similar.

15 Given U1 and U2 are two subspaces of V , prove that

rank(U1 ∩ U2) ≤ min(rank(U1), rank(U2)),

max(rank(U1), rank(U2)) ≤ rank(U1 + U2).

Proof. By 11, we have rank(U1 ∩ U2) ≤ rank(U1) and rank(U1 ∩ U2) ≤ rank(U2).
Similarly, rank(U1 + U2) ≥ rank(U1) and rank(U1 + U2) ≥ rank(U2).

16 Given S1 and S2 are two subsets of V , prove that

span(S1 ∩ S2) ⊂ span(S1) ∩ span(S2)),

span(S1) + span(S2) = span(S1 ∪ S2).

Proof. By 11, we have span(S1 ∩ S2) ⊂ span(S1) and span(S1 ∩ S2) ⊂ span(S2).
Similarly, span(S1) ⊂ span(S1 ∪ S2) and span(S2) ⊂ span(S1 ∪ S2).
∀x ∈ span(S1 ∪ S2), we can express it as x =

∑
aivi where vi ∈ S1 or vi ∈ S2, then let us are

vs in S1, ws are other vs, then x =
∑

aiui + x =
∑

aiwi ∈ span(S1) + span(S2).

17 Suppose U1, U2, U3 are three subspaces of V , prove that

(U1 + U2) ∩ U3 ⊃ (U1 ∩ U3) + (U2 ∩ U3) ,

U1 ∩ U2 + U3 ⊂ (U1 + U3) ∩ (U2 + U3) ,

and falsify the opposite side.

Proof. Refer to 6.
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18 Given l, m, n ∈ N, prove that

max(min(l, m), min(l, n)) = min(l, max(m, n)),

min(max(l, m), max(l, n)) = max(l, min(m, n)).

Proof. max(min(l, m), min(l, n)) ≤ l, max(m, n), so max(min(l, m), min(l, n)) ≤ min(l, max(m, n)).
max(min(l, m), min(l, n)) ≥ min(l, m), min(l, n), so max(min(l, m), min(l, n)) ≥ min(l, max(m, n)).
So max(min(l, m), min(l, n)) = min(l, max(m, n)).
The other one is similar.

19 Prove that vector space V is infinite dimensional if and only if there exists
an infinite set S ⊂ V such that vectors in S are linearly independent.

Proof. (Sufficiency) If V is finite dimensional, let it be n-dimensional. Take (v1, v2, . . . , vn+1)
are vectors in S. Since they are linearly independent, this is a contradiction.
(Necessity) If V is infinite dimensional, any finite set of vectors cannot be its basis, that is
to say, if we have found (v1, v2, . . . , vn) are linearly independent, there still exists vn+1 that is
linearly independent of (v1, v2, . . . , vn), so vectors in S can be found one by one.

20 Prove that the space of formal power series

F[[x]] :=
{ ∞∑

i=0
aix

i | ai ∈ F
}

is not a countable dimensional vector space.

Proof. We can complete proof by contradiction.
Suppose F[[x]] is a countable dimensional vector space, then there exists

S := {f1(x), f2(x), . . . } ⊂ F[[x]]

such that span(S) = F[[x]].
Let

fk(x) =
∞∑

i=0
akix

i

and

Sn :=


vk | vk =


ak0

ak1
...

akn

 , k = 1, 2, . . . , n


.

We can define a sequence {tn} where t1 = 1. Suppose t1, t2, . . . , tn have been defined, since
Sn has n (n + 1)-dimensional vectors, which cannot fill the whole (n + 1)-dimensional vector
space, we can choose tn+1 such that un+1 = (t1, t2, . . . , tn, tn+1)T cannot be expressed as linear



2 ABOUT VECTOR SPACES 14

combination of vectors in Sn.
Let

f(x) =
∞∑

i=0
ti+1xi.

Then for any finite fk(x) ∈ F[[x]], let n be the largest index, since un+1 cannot be expressed as
linear combination of vectors in Sn, we can conclude that f(x) cannot be expressed as linear
combination of fk(x)s, that is to say, f(x) is not in span(S), so span(S) ̸= V .


