Homework 7

Sunday 3¢ November, 2024

1 About inverse

1 Given invertible matrix M € F"*", if we rotate M by 90 degrees clockwise,
what will happen to M~!?
Solution.

M~ will be rotated by 90 degrees anticlockwise.

2 Find the inverse of

1 -1 -1 -1

-1 2 -1 -1
M=|-1 -1 2 -1
-1 -1 -1 2 |

Solution.
Do row exchange to {M I}.

Subtract the first row from others to get

1 -1 -1 - -1 1 00
-2 3 0 - 0 -1

2 0 3 -1 0 1 0
-2 0 0 3 -100 1]

Divide every row except the first one by 3 to get

1 -1 -1 -~ =1 1 0 0
2 1 1
-2 1 0 -~ 0 -+ 100
2 1 1
-3 0 -3 0 3
2 1 1
-3 0 0 1 -3 00 3
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1 ABOUT INVERSE 2

Add every row except the first one to the first one and then divide it by the first entry to get

4— 1 1 1

1 0 0 0 5727; 5—2n  5-2n 5—2n
2 1 1

210 o -1 L 0

2 1 1

201 o -1 o 1

2 1 1
-3 00 I -5 0 0 5 |

Finally, add the first row multiplied by % to others to get the inverse of M is that

[ 4-n 1 1 . 1]
5—2n 5—2n 5—2n 5—2n
1 7—2n 2 . 2
5—2n 3(5—2n) 3(5—2n) 3(5—2n)
-1 _ 1 2 —2n 2
M 7 . 2
— | 5-2n 3(5—2n) 3(5—2n) 3(5—2n)
1 2 2 L. _1-2n
|5—2n 3(G-2n) 3(5-2n) 3(5—2n) |
or N _
4-n 1 1 1
1 7—2n 2 2
1 3 3 3
-1 _ 2 7-2n 2
M~ = 1 5 5 3
5—2n
2 2 7—2n
1 3 3 3
3 Find the inverse of
51-1 {1-2 L. gl-n

V- 52-1 €2~2 . 52-71

Sn-l gn-Q L. Enn
where £ = exp (%) is the unit root of 2" — 1 =0.
Solution.

Consider the square of M, whose (i, j)-entry is

n n

Zéimkj _ Z (€i+j)k
k=1 k=1
(gt
When n | i + j, the value will be n, otherwise, the value will be = §’+J% =0, so
00 -~ 0 1 0

o
—
o
o

o = O
o O =
o O O
= o O
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Hence,
g1 eln=1)2 .0 g
(n=2)1 ¢(n-2)2 . . 1
-1
M~ = M (M?) | :

B A
4 Find the inverse of where
O B

a a a 1
a a a 1
A= ., B=
a a a 11 0
Solution.
Let o = (1,1,...,1)7, then A = aaa”, B = aa’ — I and oa =n.
Suppose the inverse of B is kaa’ — I, since (aa — I) (kaaT — I) =1 k=
Hence,
B A _ B! —B-lAB-! _ ﬁaaT -1 —ﬁaa
O B O B! O ﬁaaT
5 Find the inverse of circulant matrix
1 2 3 n |
n n—1
M=I[n—-1 n 1 n—2
i 2 3 4 1]
Solution.
Let _ -
0
0
Z = 0
_1 0 0 0_

Then Z™ = I, and M can be expressed as

M=I1+2Z+32%>+---+nz" L

Let

N=I+Z+2°+--+2"1



1 ABOUT INVERSE

We can compute that M(Z —I) =nl — N and N(Z — 1) = 0.

Since Z — I | M—%I, we have

M(Z-I)=nl—N

— M(Z-1) (M—MI):n(M—MI)—N(M—MI)

2 2 2
1 2 1
— M(Z 1) (M—"("J)I) :nM—%I
1 2 1
:>M<(Z—I) (M—n(n;)l) —n> :—”(”;)1
Therefore, the inverse of M is
2 1
Mt 2 ((Z— i) (M— n<n+)[> —nI) .
n?(n+1) 2
or
1 2
Mt=2 ( (1+2+2% 4+ 2777) +Z—I).
n \n(n-+1)
6 Find the inverse of
11 1
1 2 2
M =
1 2 n
Solution.

Do row exchange to {M I}.

Subtract every row from the next row to get

1 11 1 1 0

6011 .1 -1 1 0 --- 0
0 01 1 0 -1 1
o060 .- 10 0 0 - I}

Then subtract every row from the previous row to get

7 Find the inverse of
kO . Cg 0
kL. C’? KO . Cll
M = . .

kn.(jg grtoelo.oo g0.on
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Solution.
Let a(x) = (2%, 2!,...,2"), according to binomial theorem, Ma(x) = a(z + k), so we can
easily get that M ~'a(z) = a(z — k), that is to say,
(_k)O . 08 0 .. 0
1.0 0.1
W (SO IR
(k)" C8 (k)" 1-Cp o (<R)-C

8 Find the inverse of tridiagonal matrix

_2cosm 1 0 |

1 2cosx 1

M = 0 1 2cosx
i 0 0 0 2cosx_

Solution.
We claim that the (i, j)-entry of M~! is

i+j siniz sin(n+1—j)x . .
{ (_1)Z ! sin(n—l—%)xsinx) » 1 < Js
i+7 sin jx sin(n+1—1i)z . .
(=1 sin(ntlasinz > > J-
It can be easily checked that

i— Dzsin(n+1—i)x
sin(n + 1)z sinz

iisinizsin(n 41 — i)z

2
sin(n + 1)z sinx oS

+(=1)

(_1)i+i—1 Sin(

ivis1Sindzsin(n — i)z

-1
(=D sin(n 4+ 1)z sinx

_cosizsin(n + 1 —i)r + cos(n + 1 — i)z sin iz
B sin(n + 1)z

=1,

and when j # i,

i+jsindzsin(n +1 — j)z
sin(n + 1)z sinx

itj—18indzsin(n + 2 — jlx
sin(n + 1)z sinz

2cosx

+(=1)

(1)
i+j18indzsin(n — j)z
sin(n + 1)xsinx
sin ¢x

+(=1)

=(-1)"J (2cosxsin(n+ 1 — j)z —sin(n + 2 — j)z — sin(n — j)x)

sin(n + 1)z sinx

=0.

That is what needs to prove.



1 ABOUT INVERSE

9 Find the inverse of Hilbert matrix

1 1 1
1 1+2 T+n
1 1 1
M= 241 212 241
21 1 _1
n+1 n+2 n+n
Solution.
We first calculate the determinant of
1 1 . 1
a1+b1 a1+bs a1+bn
1 1 o 1
N(n) _ az+b1  az+bs az+by
1 1 o 1
an+b1 a7l+b2 an"!‘bn
Since
1 B 1 _ an — G5
ai+b;  an+b;  (ai+bj)(an +bj)’
we have )
I1 (an — a;)(bn — b;)
det N(n) = (an + by) = det N(n —1).
' l(an +b;)(a; + bn)
J:
Hence,
1<H,< (a; — ai)(bj — bi)
<i<ys<n
det N(n) = =
I (a; + b))
i=1j=i
Then

A TP i
(M), = CUHCCLLCIC

10 Find the inverse of Vandermonde matrix

1‘% 1‘% PEEY x"il
a’/‘% :I/‘% DY a’l‘g
M =
1 2 n
Ty Tn T,

Solution. We can use row exchange to get

where

og=1,

01 =21+ 22+ -+ Tp,

Op = T1X2 """ Tp.
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2 About vector spaces

1 Prove that any matrix A € F”*" can be expressed as A = LSIDU where L
is lower triangular, S is a permutation matrix, I is the Hermitian form of A, D is

diagonal and U is upper triangular.

Proof. We can use the method of Gaussian Elimination.

First, for every non-zero column from left to right, find the first non-zero component that
is the first non-zero entry in its row, reduce other free components in the column with row
transformation (but not permutation) to zero, namely get QA = R where @ is lower triangular

and R is like the row echelon form of A.

F
Then, use permutation matrix P to exchange R’s rows to the form where D, is
diagonal.
D (@)
Let D = " , we have
@ I
D, F| |I, O |D, O ||, F
o ol |oo|l|lo L.||o L.|
-1 -1 I Fo . ~
Let S=P 1, L=Q , U= , then we can factorize A as LSIDU. O
n—r

2 Suppose V is a 2024-dimensional vector space over field F, try to find a set

S of 2025 vectors in V, such that any 2024 vectors in S are linearly independent.

Solution.
Take e, eo, ..., e9024 that is a basis of V, let
S = {61,62, e ,€2024,€1 F €2+ -+ 62024} .
If any 2024 vectors in .S are linearly dependent, we can immediately conclude that e, es, .. ., e2924

are linearly dependent, which is contradict to the definition of basis.

3 Suppose V is an n-dimensional vector space over number field F, try to
find an infinite set S of vectors in V, such that any n vectors in S are linearly
independent. What if F is finite?

Solution.

When F is a number field, consider matrix
L CE E A L
2l 22 23 ... v
3t 32 3% ... 3
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S is defined to contain all the row vectors of M, such that any n vectors in S form a Vander-
monde matrix, which is invertible, namely the vectors are linearly independent.

When F is a finite field, there are only finite vectors in V', so we cannot find an infinite set 5.

4 Suppose V is an n-dimensional vector space over number field F, prove that
m
for any m subspaces U; C V, U; # V, there exists |J U; # V. When F is not a
i=1
number field, try to give a counter example.
Proof. We will give the proof by induction.
When m = 1, we have Uy # V.

k k k+1
Suppose J U; # V, take « € V\ U U;. If a ¢ Ugy1, U U; # V, otherwise, take 5 €
i=1 1 i=1

1= 1= 1=

k—1 k+1
VN UUUUgr. If B¢ Uk, U U #V, otherwise, consider infinite set (as F is a number
i=1 i=1

field)
S:={a+p,a+28,a+306,...},

at most one element in S belongs to U;, or we have «, 8 € U;. Since k is finite, we can choose
k+1 k+1

a+1tp € Ssuchthat a+t5¢ U Ui, so J U; # V.
i=1 i=1

When F is not a number field, W_e can choose F = Fy and V = F?, let

e b

5 Suppose V is an n-dimensional vector space over any field F, U; # V and
Us; #V are two subspaces of V, prove that Uy UUs # V.

Proof. If Uy C Uy or Uy C Uy, we have Uy UUs =Us £V or Uy UUy =Uy # V.
Otherwise, there exists o € Uy such that a ¢ Uz and € Us such that g ¢ Uj.
Then ao+ B ¢ Uy UUsy, so Uy UUy # V. O

6(Refer to former example) Suppose U;, Us, Us are three subspaces of V', prove
that
(Uy+U2)NUs D (U1 NU3) + (UaNUs),

U1ﬂU2+U3C(U1+U3)Q(U2+U3),

and falsify the opposite side.

Proof. Yui; + ug € (U NUs) + (U NUs), we have uy € Uy, ug € Us, and uj,uz € Us,
then uy + ug € Uy + Uz and uy + ug € Us, so up + ug € (Up + Usz) N Us, which means
(Uy +Uz)NUs D (U NU3) 4+ (Uy N U3).

Yo4+u € U NUs+Us, we have v+u € Uy +Us and v+u € Uy +U;s, so U NUy +Us C
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(Ul + U3) N (U2 -+ Ug).

Take
_x_
Ui = ‘ reR,.
0
_0_
Uy = | reR,.
x
_x_
Us = | rzeR .
x
as a counter example. ]

7(Refer to former example) Prove the modular lattice structure of subspace,

that is to say, if U_ is a subspace of U, we have
(U_-4+Up)NUL =U_+ (UyNUy).
Proof. We can use the conclusion in 6.
U_+UnUy) Cc(U-+Up)N(U-+Uy).

As U_ is a subspace of Uy, we have U_ + Uy = U4, s0 U_ + (UgNUy) C (U= 4+ Up) NU4.
Yu+v € (U~ 4+ Up)NUy, we have u € U_, v € Uy and u+v € Uy, since U_ is a subspace of Uy,
we havew € Uy ,—u € Ui, sov=u+v—u € Ug, thenv € UyNUs, u+v € U_+ (UyNU,),
that is to say, (U- +Up) NUy C U_ + (UpNU;).

To sum up, we have (U_ 4+ Up) NUy =U_ + (UpNUy). O

8 Suppose Ui, Uy, Us are three subspaces of V', prove that
(UsnNUy+Ux)NUsz =UsN (U + Uz NU3),
(Us+Uy)NUy +Us =Us + (U NU3) + Us.

Proof. We only need to prove that
(UsnNUy +Ux)NUs =U1 NUz + Uz N U3,

(Us+Uy)NUs+Us = (Up +Us) N (Ug + Us) .

Since U3 N Uy C Us, by modular lattice structure, we have
(UgﬁUl—i—UQ)ﬂUg:U3ﬂU1+U20U3.
And since Us C Us 4+ Uy, by modular lattice structure, we have

Us+UsN (Us+Up) = (Us+Uz) N (Us 4+ Uy).
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9 Let S be a subset of vector space V, prove that (| U is the smallest
scucv
subspace that contains S, which will be defined as span(.5).

Proof. Every condition of vector space that needs to be satisfied in () U is satisfied in

Sscucv
every U, so it is naturally satisfied in (] U.
scucv
Since for any S C Uy C V, we have (| U C Uy, so it is the smallest one. O
Scucv

10 Let S; and S5 are two maximal linearly independent sets of n-dimensional
vector space V, prove that they have the same cardinality, which will be defined
as dim(V), and

rank := dim o span.

Proof. Take

Sl - {u17u27"'7u7’}7
Sy = {v1,v2,...,0s}

are linearly independent respectively.

As S5 can be a basis of V, for any wu;, there exists a;1, aso, ..., a;s such that

s
U; = E Qj5Vj.
j=1

Then
ai;r a2 -+ Qip
G21 Q2 -+ Q2p
[Ul up e ur]Z[vl LT B T T vs]A-
as1 As2 -+  QAgr
Consider equation
x1
)
Ul Uy - u,l | =0.
Ty

On one side, since S7 can be a basis of V', x has only zero solution.
On the other side, Az also has only zero solution.
If r > s, A has free columns, then Ax has non-zero solutions, which is contradict to z = 0.

Similarly, r < s is also impossible, so r = s. O

11 Let S; and S be two subsets of vector space V. Prove that if S; C S5, then
span(S7) C span(S2) and that if span(S;) C span(S2), then rank(S;) < rank(S2).
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Proof. 1f S C Sy, Vx € span(Sy), let {v1,v2,...,v,} be a basis of span(S), then there exists

(a1,as,...,a,), such that
,
Tr = Z a;v;.
i=1

Since v; € S1, S1 C S, then v; € So, so x € span(Sy), that is to say, span(S7) C span(Ss).
If span(S1) C span(Sa), let {v1,v2,...,v,} be a basis of span(S1), we have {v1,va,...,v.} C
span(S2), so rank(S;) < rank(Ss). O

12 Let S; and S5 be two subsets of vector space V. Prove that
1. If S} C Sy, then rank(S;) = rank(Ss2) if and only if span(S;) = span(Ss2);

2. If S; = 52, then span(S;) = span(Sz), if span(S;) = span(S2), then rank(S;) =
rank(.S2);

3. The other side of 2 is incorrect.
Proof.

1. If span(S;) = span(Ss2), since dim is a mapping, rank(,S;) = rank(S2).
If span(Sy) # span(S2), then let {vi,v9,...,v,} be a maximum linearly independent
set of S, there exists v,41 € span(S2) \ span(S;), which are linearly independent, so
rank(S1) < r + 1 < rank(Ss).

2. Since span and dim are mappings, this statement is correct.

3. For the former one,

can be a counter example.

(e = {f])

can be a counter example.

For the latter one,

O]

13 What will span(S) and rank(S) be if S = ) or S = V where V is an n-
dimensional vector space?
Solution.
When S = (), span(S) = {0}, rank(S) = 0.
When S =V, span(S) =V, rank(S) = n.
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14 Given S C S5 C V are two sets where V is an n-dimensional vector space,
prove that
span(.S; N Sy) = span(Sy) N span(Ssy),

span(S; U Sy) = span(S7) + span(Ss).
Given U; C Uy C V are two subspaces, prove that
rank(U; N Usz) = min(rank(U;), rank(Us)),
rank(U; U Uz) = max(rank(Uy ), rank(Us)).

Proof. S C Sa = span(S;) C span(S2), so span(S; N S2) = span(S;) = span(S1) N
span(Ss).

Others are similar. O

15 Given U; and U, are two subspaces of V, prove that
rank(U; N Usz) < min(rank(U;), rank(Us)),
max (rank (U ), rank(Us)) < rank(U; + Us).

Proof. By 11, we have rank(U; N Us) < rank(U;) and rank(U; N Us) < rank(Us).
Similarly, rank(U; 4+ Usa) > rank(U;) and rank(U; + Usz) > rank(Us). O

16 Given S7 and S; are two subsets of V', prove that
span(S; N Sy) C span(Sy) Nspan(Sy)),
span(S1) + span(S2) = span(S; U Sa).

Proof. By 11, we have span(S; N S2) C span(S7) and span(S; NS2) C span(Ss).
Similarly, span(S7) C span(S; U S3) and span(Sz) C span(S; U Sa).
Va € span(S1 U S2), we can express it as x = Y a;v; where v; € S1 or v; € Sy, then let us are

vs in Sp, ws are other vs, then x = Y~ a;u; + = = > a;w; € span(S) + span(S2). O
17 Suppose Uy, Uy, Us are three subspaces of V, prove that
(U1 +U2)NUs D (UiNUs) + (UaNUs),
UrnNUy+Us C (U +Us)N (U + Us),
and falsify the opposite side.

Proof. Refer to 6. 0
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18 Given [, m,n € N, prove that
max(min(l,m), min(l,n)) = min(l, max(m,n)),
min(max(l, m), max(l,n)) = max(l, min(m,n)).

Proof. max(min(l,m), min(l,n)) <, max(m,n), so max(min(l,m), min({,n)) < min(l, max(m,n)).
max (min(l,m), min(l,n)) > min(l, m), min(l,n), so max(min(l,m), min({,n)) > min(l, max(m,n)).
So max(min(l, m), min(l,n)) = min(l, max(m,n)).

The other one is similar. O

19 Prove that vector space V is infinite dimensional if and only if there exists

an infinite set S C V such that vectors in S are linearly independent.

Proof. (Sufficiency) If V' is finite dimensional, let it be n-dimensional. Take (vi,va,...,Vn41)
are vectors in S. Since they are linearly independent, this is a contradiction.

(Necessity) If V' is infinite dimensional, any finite set of vectors cannot be its basis, that is
to say, if we have found (vy,vs,...,v,) are linearly independent, there still exists v, that is

linearly independent of (v, ve,...,v,), so vectors in S can be found one by one. O

20 Prove that the space of formal power series

Flx] := {i a;ir' | a; € IE‘}
=0

is not a countable dimensional vector space.

Proof. We can complete proof by contradiction.

Suppose F[z] is a countable dimensional vector space, then there exists

S:={fi(x), fo(), ...} CFla]

such that span(S) = F[z].

Let
0 .
fu(x) =" agia’
i=0
and
ako
ag1
Sn =g | v = Jk=1,2,....n
(270
We can define a sequence {t,} where t; = 1. Suppose t1,t9,...,t, have been defined, since

Sy, has n (n + 1)-dimensional vectors, which cannot fill the whole (n + 1)-dimensional vector

space, we can choose t, 1 such that u,1 = (t1,%2,...,tp, th)T cannot be expressed as linear
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combination of vectors in .5,,.

Let
s .
flz) = Z tiy12’.
=0

Then for any finite f(z) € F[x], let n be the largest index, since u,4+1 cannot be expressed as
linear combination of vectors in S,,, we can conclude that f(x) cannot be expressed as linear

combination of fi(z)s, that is to say, f(x) is not in span(S), so span(S) # V. O



