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1. ALGEBRAIC STRUCTURES AND CATEGORICAL SETUP
1.1. The Forgetfulness.

Slogan. The idea of algebraic structures arises from forgettulness.

Example 1.1 (— o <). Every set maps f : X — Y admits a “canonical” decomposition
X — coim(f) >~ im(f) = Y. (1.1)
In language of CAT, X and Y are discrete categories. By observation:

(1) f is surjective as a map <= f is essentially surjective as a functor,
(2) f is injective as a map <= f is full as a functor.

Slogan. Injection is actually surjection “in higher dimension”.

Example 1.2 (Composition of Functors). There are three kinds of “surjections” for functor F' : € — D.
(su) : essentially surjective, (fu) : full, (fa) : faithful. (1.2)

Hence, any functor decomposes into three parts:

su, fu, not fa su, not fu, fa not su, fu, fa

e s im?(F) s im! (F) > D. (1.3)

For set maps, € — im2(F ) is an isomorphism.

Proposition 1.3. The decomposition is unique under the equivalences of categories.

Definition 1.4 (Forgetfulness). Let F': € — D be functor.

(1) Say F forget only attachments, whence F' is su and fu;
(2) Say F forget only structures, whence F' is su and fa;
(3) Say F forget only properties, whence F' is fu and fa.
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Remark 1.5. There are no inherent issues in defining previously undefined terms; however, it is not always
practical or meaningtul to introduce such definitions. In what follows, we will illustrate through a few examples
that our proposed definition is reasonable.

Example 1.6 (The forgetfulness of only attachments). Let Vect be the categories of “vector spaces with
ambient field”, wherein the objects are the pair (F, V), and the morphism are commutative squares

K | extension F
[ [ . (1.4)
End[K(UM) S End[F<V|].—)

The functor “projecting the first entry” Vect — Field is su, fu, yet not fa.

Example 1.7 (The forgetfulness of only structures). A typical kind of examples: functors sending concrete
categories into underlying sets. For instance,

Abﬁnite — Setsﬁnite and non-empty (1°5)

sends finite Abelian groups to their underlying sets, which is su, fa, yet not fu.

Slogan. If F': ¢ — Sets forgets no attachments, then different morphisms are different set maps.
For such F', one can simply view Mor(C) as set maps. However, I is not always compatible with universal
properties, i.e. limits and colimits indexed by sets.

Example 1.8 (The forgetfulness of only properties). Under equivalences, such functors are essentially the
inclusion of full subcategories. For instance, the inclusion Ab — Grp forgets the commutativity of group
product, which is fu, fa, yet not su.
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Example 1.9 (decomposition of free functor). Let F' : Set — Mod g, serving as the left adjoint to the usual
forgettul functor U : Modp — Set. Now the decomposition of F' is

Set — Set ~ (Modp) — (Modp) — Modg. (1.6)

Here (Mod R)/ is equivalent to Set. The objects are of the form R®5 and morphisms are induced by the
change of indices, that is,

[f:S—=T]=[R® = R¥, (ry)ses = (rps)7] (1.7)
Now (Mod R)” is the full subcategory of Modp generated by objects in (Mod R)/-
Remark 1.10. It is not so amazing that free functors are compositions of surjections (quotients), since z € ()
satisfies any propositions.
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1.2. On Limits and Colimits.

Slogan. Universal property is exactly the initial objects or terminal objects in certain category:.
In short, universal properties are nothing but limits or colimits, indexed by certain diagrams (small categories).

Example 1.11. For instance, the coproduct of a set of objects e.g. X [[Y, is the is exactly the initial object
in the category 2, wherein

(1)Ob(D)=4(E,f,g9)| f: X > E+Y:G};

(2) the morphisms are exactly the commutative diagrams of the form

x I g 9
I . o

X F Y
f g

Remark 1.12. Our convention of universal properties is compatible with most of the cases, since most of
the property is determined by a set indexed generators with relations; whereas the “universal property” of
localisation comes from categorical equivalent relations (usually a filtered colimit index by proper classed).

Definition 1.13 (limits). Let I : B — € be a diagram, i.e. functor from small category 3.

(1) Consider the co-cones with fixed base I(38) and a collection of flexible generatrices {ay : I(b) — c}pez.
Whence there is an initial object, i.e. the generatrices {ozg : I(b) — Ve which any {oy, @ I(b) —
c}pe factors through in a unique way, we say V= hén I (along with the generatrices) a colimit of 1.

(2) The limit is exactly the opposite statement for cones.

Once we view cones (co-cones) as degenerate cylinders, generatrices are exactly the natural transformations
between I and the constant functor, i.e. {ay : I(b) = c}pes € (I, C)pyper(B,¢)- The “I unique” statements
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are better replaced by representable functors, i.e.

(@L C)@ = (IvQ)Funct(B,E’)a Y = {90 © [I<b> — h_gll]}beﬁ (1'9>

Hence, the adjoint triple writes (hén = () = 1im).

Example 1.14. Consider the basic symbols in a category: start of an arrow s, terminal of an arrow ¢, along
with id, establish the adjoint triple ¢ - idy -1 s, where idy sends € to the morphism category €. Such
adjoint triple also admits an explanation in language of limits, and so is its generation to simplicial categories.

Definition 1.15 (The preserving, reflecting, and creating). Let I : B — € be a small diagram, F' : € — D
be a functor. Set lim € {lim, lim}.
=

(1) (preserve) Say F' preserves lim, whenever (¢ = limI) = (F(c) =lim(F o I));

[t also means that F' commutes with the lim.
(2) (reflect) Say F' reflect lim, whenever ¢ # lim I = (F'(¢) # lim(F o I))

It also means that only lim maps to lim.
(3) (create) Say F' creates lim, whenever lim(F o I') is always of the form F'(lim I).

Example 1.16. Set lim = ker, F': € — 2D are additive functors between Abelian categories.

(1) Say F' preserves all kernels, whence 0 - K — X — Y in € yields 0 - F(K) — F(X) —» F(Y) in D;
(2) Say F reflects all kernels, whence 0 — F(K) — F(X) — F(Y) in D yields 0 - K — X — Y in C;

(3) Say F' creates all kernels, whence 0 — M — F(X) — F(Y) in D is exactly the image of some
0—- K — X —Y (where M = F(K)).

Proposition 1.17. Here are some feasible propositions on limits.
(1) By commutativity of left adjoints (resp. right adjoints), colimits (resp. limits) commutes.
(2) By currying (and Yoneda lemma), the canonical isomorphism holds for locally small categories

(liél’l—, ) = h;n<_7 '>7 ('7 h;n) = @(7 _>° (1°10>
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(3) For inclusion of small diagrams i : Iy < I with the same set of vertices, the pre-composition
¢+ Funct(I,C) — Funct(ly, C) creates all lim. An application: the lim of chain complezes is
constructed component-wise, wherein differentials are induced by universal property of limats.

(4) Fully faithful functors (functors forgets only propositions) reflects all lim.

Example 1.18 (Why limits and filtered colimits?). Limits and filtered colimits meets logical issues. For

most of the concrete categories, e.g. Sets, Group, Ab, Ring,

(1) the limit object is a subset of the product object, wherein x € lim X; usually understood as the collection
of elements in X satisfying several requirements, or just a function in I — X;

(2) the colimit object is a quotient subset of co-product object, wherein x € liénXZ- understood as the

equivalence classes whose base set is a disjoint union | | X;;
(3) the filtered colimit is a special type of colimit, where one can distinguish whether finitely many objects
are in the same equivalent class without taking colimit object.

Slogan. Limits and filtered colimits are “logical” in our common sense.

Proposition 1.19 (exchanging lims). Let F' : [ x J — € be a bi-functor from diagrams I and J.

(1) There is an canonical morphism lim  lim  F(i,7) = lim  lim  F(, 7).
—ricl <—jeJ jed —iel

The canonical morphism is more used for posets, known as the “min-max” inequality.
(2) If J is finite, I is filtered, and € = Sets, then the canonical morphism is an isomorphism.

Remark 1.20. Assume that € has filtered colimits, finite limits, and there is some functor U : € — Sets
preserving filtered colimits, finite limits, and reflect isomorphisms. In particular, assume U : € — Sets
provides an algebraic structure. In this case, filtered colimits commutes with finite limits.

Slogan. Filtered colimits is exact for algebraic structures.
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Remark 1.21. A categorical restatement of filtered colimits hén . X; is that any finite subdiagram admits a
1€

cocone (not necessary to be the colimit).
To be explicit, let X : I — € be a functor. For any finite subdiagram [, C I, the system X (/) factors

through some X (7).

Proposition 1.22. Let I be a filtered system, and X : I — € 1is the functor to concrete categoryl.
Suppose that{¢; : Z = X,;};c1 15 a set of monomorphisms, then f : Z < lim X is also a monomorphism.

_$
The simple observation: in order verify (f(z1) = f(29)) = (21 = 29), one can firstly find x; € X;
which maps to f(z;) in the system. Since the system generated by { X1, Xo} factors through some X,
where f(z1) = f(z9) maps from the same element in Xy. Since Z < X is injective, z1 = z9 is clear.

Example 1.23. By experiences, there are some forgetful functor creates limits and filtered colimits (e.g.
oroups to sets, compact Hausdorff spaces to topological spaces, Modules to their underlying Abelian groups,
Sheaves to presheaves over Noetherian sites).

Remark 1.24. We highlight that the limit/colimit of the empty diagram is the terminal/initial object.

1

For formal and general statement, one can assume that € has generator(s) G, where “x € X” is formalised by a morphism z € (G, X)e
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1.3. What are and Why Algebraic Structures?

Definition 1.25 (Forgetful functors from algebraic structures to sets). An algebraic structure is a category
over Sets via a functor U : € — Sets, provides

(1) U is faithful, i.e. if f,g € Mor(C) are different morphisms, then U(f) and U(g) are different maps
between underlying sets;
In other words, U does not forget the attachments “underlying set”.
(2) U reflect isomorphisms, i.e. U(f) is bijective between sets whenever f is an isomorphism;
A trivial fact: functors preserves isomorphisms.
(3) U commutes with limits and filtered colimits (if exists).
In other words: one can calculate sub-object of products, or equivalences classes in set level.
(4) For most of the cases, we requires € to have limits and filtered colimits (indexed by sets).

Here U : € — Sets (or simply €) is called an algebraic structure.

Example 1.26. Examples and non-examples.

e Sets, (sets with a base point) and Grp are algebraic structures;

e Mon (monoid with unit) and Ring are algebraic structures;

e Alg;., CommAlg,., Lie;. are algebraic structures (k is commutative ring);
e Modp, and in particular Ab, are algebraic structures.

Recall the definition of algebraic structures. The following non-examples are worth mentioning.

e Top does not satisfies (2): let (X, 1) and (X, 75) be topological spaces with 71 C 75. The trivial map
(X, 719) — (X, 7q) is bijective on sets, yet not always the homeomorphism.
e Ring®P does not satisfies (3), since U does not preserves colimits (e.g., coker(Z < Q)) in general.

Proposition 1.27 (Major Properties of Alegbraic Structures). Let U : € — Sets be an algebraic structure.
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(1) U(—) reflects monomorphism, epimorphism, isomorphisms, and retractions.
The key observation is that U(—) reflects the (left or right) cancelling properties.
(2) U(—) preserves isomorphisms, monomorphisms, yet not all epimorphisms.
Functors preserves isomorphisms. Z — Q is epimorphism yet not surjection.
For monomorphisms, notice that f : X — Y is a monomorphism whenever the induced map
X Xy X = X s an isomorphism, and X Xy X s a kind of limit.

Proposition 1.28 (sub-codomain). We see that U(—) preserves and reflects pull-back squares. Since

X X x, v Sphter | x
/ | 111
d PB fo (1.11)
) N/ Y | 7
(/ (/

that is, X XY — X is an split epimorphism whenever f factor through i. We see that

(1) If € has pull-backs, then U(—) reflects all factorisation conditions.

(2) When © is an monomorphism, X X, Y ~Y. Hence, f : X — Z factor through the sub-object Y,
whenever im(f) C Y. It illustrates that one can take the sub-codomain if necessary.
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2. SHEAVES ON ALGEBRAIC STRUCTURES
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2.1. Presheaves over Algebraic Structures.

Definition 2.1 (The category of open sets). Let (X, 7) be the usual topological space. Define the category
of open sets Open(X) with Ob(Open(X)) = 7, and

v UCV,
(U, V)Open(X) — {;VjU [/ i V. (2.1)

Open(X) is also a modular lattice closed under finite A and arbitrary V.

Remark 2.2. Continuous map f: X — Y gives f~1: Open(Y) — Open(X).

By observation, f~1 : Subset(Y) — Subset(X) admits

(1) a left adjoint f : Subset(X) — Subset(Y), ie. f(A) C B<= AC f~1(B);

(2) a right adjoint ¢ o f o ¢ : Subset(X) — Subset(Y), i.e. f(A®) C B < A° C f~1(B°).
By since left (resp. right) adjunctlon commutes with colimit (resp. limit), one has

oy =1 rwy, f(OYUHS () (), (2.2)

1€1 1€1 1€1 1€1
oy =), o) =1 (2.3)
1€1 1€1 1€1 1€1

Some issues should be further discussed in the study of open and closed embedding.

Definition 2.3 (Presheaves). Given Open(X), the category of pre-sheaves is exactly the functor category

PSh(X) := Funct(Open(X)°P, Sets). (2.4)
An element s € F(V) =: T'(V, F) is called a section on V. The morphisms are
F(iV,W) = RGSWJ/ : F(V) — F(W) (25)

Remark 2.4. In our convention, the morphisms are indexed by f;; : A; — A
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Definition 2.5 (Presheaves in Algebraic Structures). Let U : € — Sets be an algebraic structure. Set
PShe(X) := Funct(Open(X)°P, €). Clearly, the composition gives U o (—) : PShe(X) — PSh(X).

Definition 2.6 (Direct Image). For continuous map f : X — Y, one has f~1 : Open(Y) — Open(X).
Direct image is defined as the pre-composition of functor

fe: PShp(X) — PShe(Y), Fis Fof L (2.6)
Remark 2.7. The composition is covariant: (fo g),F =Fo(fog) l=Fog lo f~l=fg¢,F.

Definition 2.8 (Inverse image of presheaves). f,, : PShe(Y) — PShe(X) is defined as the left adjoint of
direct image f,. For arbitrary F' € PShp(X) and G € PShpe(Y'), one has

(G, [+ F)psnovy = {G(V) = F(f 71 (V) }yecopen(y) (2.7)
~{G(V)—= FU)|UC f_l(V)}UEOpen(X),VEOpen(Y) (2.8)
(by f - f_l) ~{G(V) = F({U) | f(U) C V}UEOpen(X),VEOpen(Y) (2.9)
~ [ i G(V), F(e) =: (/G F)psho(x)- (2.10)

o)V PShe(X)

The final colimit is filtered, thus exists in €, and commutes with U.
Remark 2.9. By adjunction, the composition is contravariant (g o f )p = fp°Ggp

Slogan. We can calculate both f, and f,, on sets.
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Example 2.10 (Analysis of f, 4 f,). The unit of the adjunction is idpgy,,(y) = fefp- For any G €
PShe(Y) and V' € Open(Y), one has

(f,G)V) = (H,G)(fH V)= lm GW). (2.11)

If we further assume that f is an surjection, one has f(f~5(V)) = V, and thus 7 is an isomorphism.
The counit is f)fx — idpgy,(x). For any F' € PShe(X) and U € Open(X), one has

finer system

LU = I (LEV)= lm F(FYV)) i F(W) = F(U). (212
fu)cv Ucf=1(V) UcW

Whenever f~1: Open(Y) — Open(X) is a surjection. The counit is an isomorphism.

Example 2.11 (Stalks, and Skyscraper sheaves). Let f: {*} >~ {x} C X be continuos map.
The stalk functor is exactly f,, : PShe(X) — PShe({x}) ~ C, i, for any F' € PShe(X),

FF)({sh) =l FOV) = Ly FOW) = F,. 2.13)
f(x)CW xecW

The pull-back presheaf f, is called skyscraper presheaf. Let A € € be an object in algebraic structure, then

(fAU) = A(f7H(U)) = {A v eU,

- 2.14)
T (termianl object) x ¢ U.

Notation. We usually assume that F'(()) = T (terminal) for presheaves. It is harmless to deal with presheaves
without this property (one has to make this “assumption” for sheaves!).

Remark 2.12. We identify the above map with its image, i.e. x : {*x} = X, x> .
(1) The unit sends F' to the skyscraper sheaf at & with value F,.
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1

(2) The counit is tautological, since ™+ is an surjection.
(3) If we introduce another point y € X, then the “merged” counit is

ypx*A - hén Ayhether zeW = Awhether ye{z} — Awhether {y}C{x}" (2.15)
yeW
YpZys : € — C is identical whenever {y} C {x}; and send any object to () otherwise.
We say y is a specialisation of x (resp. x is a generalisation of y) whence {y} C {z}
Example 2.13 (Global Sections, Constant Presheaf). Let p : X — {*} be the canonical surjection.
The global section I'( X, F') := F(X) coincides p,F, i.e., (pF)({*}) = F(X).
The constant presheaf A is defined as inverse image p,A € PShe(X), i.e,
A U+
A)U)= i A(x) = ’ 2.16
ppAU) = Ty AC) {T N 2.16)
UCp—1(x)

Remark 2.14. The unit of p is identical, the counit is to take constant sheaf with respect to the global section.
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2.2. Sheafification (General Approach).

Example 2.15 (2 bad examples of presheaves). Let BA be functions of type A — B. By practice,

(1) when a function is defined on every single point in A, it belongs to BA;
(2) a function is uniquely determined by its values on every single point.

Let X be a topological space which is not very simple, e.g. R with standard topology.
(1) Let F' be the presheaf of bounded continuous functions, i.e. sending each open set U to C'g (U). For
U CV, Resy y is the usual restriction map Cg(V) o C’S(U), f= fly.
Why it is bad”? Any unbounded continuous function f &€ C’O(IR) is glued by a collection sections, which
agree on their intersections; however, f ¢ F(R). Some sections should be added.
(2) Let F' be the presheaf taking value 0 on any proper open subset of R, while F'(R) = 0.

Why it is bad? For any distinct s,t € F(R), the sections agree on any proper subset of R. There is no
need to distinguish them. Some sections should be removed.

Definition 2.16 (Two criterions of being sheaves). In contrast to the “bad examples”, we say F' € PSh(X)
is a sheaf, provided the following two criteria.
(1) (unity criterion) Let U be an open set with open cover {U; };c. We assume U = (J, _; U; for simplicity.
The unity criterion says that
v F(U) = [[FU:), s+ (Resy, p())ier (2.17)
el
is always a monomorphism for arbitrary choice of U = UZ 7 U;. In short, a global section is uniquely
determined by restrictions via arbitrary chosen open cover of it domain.
(2) (glueing criterion) Let U be an open set with open cover U = . _; U;. The glueing says that, if for any
pair (¢,7) € I x I, thereis a (s; € F'(U;));ey such that ResUiﬂUj7Ui(si) = ReSUiﬂUj,Uj(Sj)v then there
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is a unique s € F(U) such that ¢(s) = (s;);c7. In language of category, the following is an equaliser of
parallel lines:

er](njgj ReSUkﬁUj,Uk)
Ner F(Up) N jerx FUiNTGG) - (2.18)
er[(Hiej ReSUiﬂUk,Uk)

In short, a collection of compatible sections glue to a global section.

Definition 2.17 (Category of sheaf). Say F' € PShe(X) is a sheaf, whenever the above two criteria holds.
Write F' € Shpe(X). Since sheaves are presheaves with certain properties, the forgetful functor, the morphisms
between sheaves are just the morphisms between underlying presheaves, i.e. She(X) < PShpe(X) is fully

faithful.

Remark 2.18. Since U : € — Sets commutes with products and reflect the pull-back diagrams, F' € PShpe(X)
is a sheaf whenever U o F' € PShg(X).

(ReSUk, ]CEI

FU)

Remark 2.19. In additive cases, the two criteria jointly establish the left exact sequence

(RGSUk, ke] Up - Down
0— F(U) > 1 F(Up) > 1l Fw;nuy). (2.19)
unity criterion kEI (i,5)elx1
glumg crlterlon
For each A, one has P <= exactness at A.
P
Remark 2.20. (Very important) F(0) = F(lim -) =lim F(-) = T is the terminal object in the category.

0 0
Definition 2.21 (Topological Basis). Say B C 7 is a basis of topology space (X, 7), whenever
(1) any = € X admits a cover x € U € B;
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(2) for any Uy, Uy € € with non-empty intersection Uy N Uy # 0, one has Ug € B such that Us C Uy N Us.

Remark 2.22. Any U € 7 admits a B-cover {U; € B}, such that U = |, <7 Ui For categorical convention,
U@ = () and ﬂ@ — X. Topological basis provides a simpler cofinal system: For any x, we have the cofinal

systems {U € B|xeUfand {U et |z e U}.

Proposition 2.23 (Sheaf condition for topological basis). Let B be the basis of (X, 7). The presheaf
F € PShpe(X) is a sheaf, whenever the following two criteria holds

(1) (unity criterion for topological basis) For any U € T, and any open covering U = Uie] B;, such
that B; N B; = ﬂkelz-j B; i ., whenever there is a collection of sections {s; € F(B;)}iey satisfying
the following 3-cycle equality

(), = (5l (Vkel)), 220
then there exists a unique global section s € F(U) such that S|Bi = S,

Slogan. She(X, 7) =~ She(X, B) is an equivalence of categories.

Definition 2.24 (Seperable conditions). Let F' € PShpe(X) be a presheaf.
(1) Say F' is separable on level of open sets, whenever

FU) = [[FW), s (Resy, y()ier (221)
el
is an injection for any open cover U = |, _; F(U).
(2) Say F' is separable on stalk level, whenever
FU)< [ £ s+ (s
pelU
is an injection for any open subset U.

p» image of the stalk at p),cps (2.22)
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Remark 2.25. The sheafification over topological spaces is usually done on the stalk level, whereas the sheafi-
fication over sites (“the point-free topology” defined by axioms of open sets) is done on open set levels.

Definition 2.26 (0-th Cech cohomololy). Unwinding the definition of Cech cohomology in general, we define

HOU,F) = { i)iel € HF ) | silunu; = sjlunu, } (2.23)

which reads as the zeroth Cech cohomology of presheaf F' with respect to the open covering U (U; {U;}ic1)-

Proposition 2.27 (Restatement of sheaf condition). Consider the canonical injection

F(U) = HOUU: {Up}ier), F), s (ResUi’U(s))iEI. (2.24)

By definition, the morphism is an isomorphism for any U whenever F' is a sheaf.

Deﬁnition 2.28 (The (—)7 functor). The zeroth cech cohomology measures “how many compatible sections
there are”. Since open sets admits finite intersection, the poset of open covering of U with “refinement” as its
partial order, denoted by J7, admits a filtered structure. Set

(—)* : PShe(X) = PShe(X), Fi= [FT: U lim HOU, F)] (2.25)
v
The definition of functor (—)™ is determined by only the structure of Open(X), thus is functorial.

Remark 2.29.There is an amazing lemma one may deduce in the verification. Recall that the bi-functor
HY(—, —) defined on Covering(X)°P x PShe(X). Set the forgetful functor R : Covering(X) — X, i.e. the

projection U (U; {U;};e1) — U (forget attachments!). Observation: H? defines on (im?(R))°P x PShe(X).
That is, for any morphism of the covering ®(¢; —) : U(U;—) — V(U;—), H(®,—) depends on H(p, —).

Proposition 2.30. (—)T is defined by filtered colimits, hence commutes with colimits and finite limits.
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Remark 2.31. In particular, (—)" is an exact functor.

Example 2.32. Functorially, (—)" makes every presheaf separable on level of open sets.

To see that F'7(—) is separable on on level of open sets, we take any two section s,t € FT(U) factoring
through some U, U, € Jy, respectively. Suppose that (s) and (t) agrees in [[, .- FT(Ug). The three
coverings {Up}, U . and U ; admits a common refinement (here the filtered structure occurs), s coincides ¢ in
HO(ucommon refinement> F) Hence, s = t.

Proposition 2.33. If G is a presheaf separable on level of open sets, then G — G7T is induced by
monomorphisms {G < H(U,G) }yreCoverings: dtnce U’s forms a filtered system and monomorphisms

coincides injections of sets, the induced map G — G is a monomorphism.
Moreover, GT is a sheaf. It suffices to show the monomorphism GH(U) — H(U,GT) for any U.

(1) (The criterion of glueing) The surjective part follows from the definition.
(2) (The criterion of unity) The injective part follows from that filter colimit is exact on sets, while the
underlying functor U commutes with filtered colimits and reflect monomorphisms.

Example 2.34. We shall show in a trivial example that how F — Ft — FT+ = F#2 works. Let (X, 7)
be a topological space with X = {a, b, c} and non-empty open sets |a . Set

F0) =0, F(lc)=F(le)=Q, F(other open sets)= 7. (2.26)
Separating the sheaves on level of open sets, one has
Ft0)=0, F'([g)=F"(le)=Q, =FT( )=Q®Q, F(other open sets) = 7. (2.27)
The final step of sheafification gives
F#(() =0, F#(@)=F7(e)=Q, F7(other open sets) = Q& Q. (2.28)

2

The notation come from +&+ =4
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2.3. Properties of Sheafification.

Proposition 2.35. Sheafification is functorial construction by applying (—)T twice. When F is already
a sheaf, it follows from F(U) = HO(U, F) that F = FT, and thus F7 = F.
Hence, let G be a presheaf and F' is any sheaf, one has (G#, F) ~ (G, F) via pre-composing G — G#.

Slogan. The sheafification is a left adjoint of inclusion Shp(X) — PShe(X).

Proposition 2.36 (Sheaves and limits). The right adjoint of (—)# creates all small limits.

(1) (Preserving) Right adjoint functor preserves all limits.

(2) (Reflecting) Fully faithful inclusion reflects all limits (and colimits).

(3) (Creating) Let F : I — Shp(X) be a diagram of sheaves. We shall show that the limit of F' in
PShpe(X) is exactly the limits in the sheaves category. Let G € Shp(X) be any sheaf, one has

im F' ~ [j F ~ ] Fay,. 2.2
(G, lim F)pgy, >~ Im(G, F)pgy, ~ Lm (G, F)g, (2.29)
It suffices to show that lim F' is indeed a sheaf. Recall that our two criteria correspond to equalisers
and monomorphisms wﬁch h;n commute with. Hence, h;nF satisfies sheaf conditions.

Slogan. Limits of sheaves are just limits of their underlying presheaves, as what “creating” exactly means.

Remark 2.37. The right adjoint of (—)7 reflects all colimits (fully-faithfulness), but does not preserves colimits
in general. By adjunction, we can only deduce that

— —
el 1e1

#
lim ShF, ~ (lim PShFZ-) (2.30)
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For non-examples that lim PShF,,; is not a sheaf, consider the following exact sequence of sheaves

—iel
L exp(—)
0— 2milee < (9%21 > ngl’lnv — 0. (2.31)
constant Sh on C* holomorphic functions invertible holomorphic functions

Here exp(—) is an epimorphism but not a surjection of presheaves. Hence, CokerPSh(L) is not a sheaf.

Proposition 2.38. It the structure C is Abelian, then so is She(X). The additivity of functors,
categorical kernel and cokernels are clear. The key part is to show that im =~ coim.
For morphism of sheaves ¢ : F' — G, one has

imSh(gp) = ker(G — (coker())7), coimSh(gp) = (coker(ker ¢))7. (2.32)
Apply sheafification functor to the short exact sequence
0— |ker(cokerPShgp)I — G — coker(p) — 0 (2.33)
:cokerPSh(ker ©)

One see that CoimSh(gp) is the kernel of G — Coker(gp)#. Hence, im = coim for Abelian categories.

Remark 2.39. Abelian algebraic structures € have limits (AB3) and filtered colimits are exact (AB5).
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3. TOPOLOGICAL SiX FUNCTORS

3.1. Direct image (—), and inverse image (—)~ 1.

Example 3.1 (Easy sheafification). In retrospect to our general approach of sheafification, we firstly check
separable conditions on level of open sets, then take the filtered colimits of H 0"as “the finest open cover’.

e What if we check separable conditions on level of stalks, which is already a filtered colimits?
It is somehow convenient to separate a section into “glueing atoms” with respect to each p € X. Set

I1: PShe(X) — PShe(X), F |[IF:V = || E,, s ([s],)per | - (3.1)
i peV
The functor II sends every presheaf to what takes germs (glueing atoms) of the sections. For instance,

(1) our first bad example is Cg (—), where no information is lost in (HC’[?)(—)'

)

(2) our second bad example sends every V' C R to T while F(R) # T, (IIF) = T vanishes everywhere.

According to the previous definition, F' is separable on level of stalks whence F' < IIF’ is an injection.
Now we claim that the “easy sheafification” F' (—)# is constructed by taking functorial subsets in IIF"
alternatively, we can deal with the construction from what we have already deduced, that is

o [IF' is a sheaf, and the induced morphism F' (—)# — 1IF' is an injection.
One can either verify it with our two criteria, or simply deduce from the filtered system of injections.

Remark 3.2.11 is defined with filtered colimits, thus is exact.

Proposition 3.3. Let ¢ : F' — G be a morphism between sheaves. The following are equivalent.
(1) o is a monomorphism (isomorphism) of presheaves,

(2) oy : F(V) = V(V) is a monomorphism (isomorphism) for any open set V.,

(3) o is a monomorphism (isomorphism) of sheaves,
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(4) @, : F, — G, is a monomorphism (isomorphism) for any point p.

For epimorphisms, (1) <= (2)=(3) < (4).

(1) <= (2) is due to the elementary properties of functor categories.

(3) <= (4) follows from the exactness of filtered colimits.

(2) = (3) follows from the fact that U : € — Sets reflects cancelling rules and isomorphisms.
For monomorphism, (3) = (2) is due to “i : Sh < PSh creates all small limits”.

For isomorphisms, (3) = (2) is due to fully-faithfulness of .

Remark 3.4. Nevertheless, we can restate (4) for epimorphisms on level of (—)™, that is,

o for any s € G(V), there exists V' = J. . V. such that every Resy, 1/(s) € G(V}) is in the image of py/.
1€l " V;,V l ‘/z

Definition 3.5 (Direct image for sheaves). Let f : X — Y be continuous. The direct image of sheaves is
exactly the direct image of the underlying sheaf, that is,

fr:She(X) = She(Y), F = [foF : Veopen(y) F F(FH (V)] (3:2)

Remark 3.6. The direct image functor indeed sends sheaves to sheaves, since 1 is an exact functor.
The direct image is calculated as presheaves, since f, is an right adjoint commuting with <.

Definition 3.7 (Inverse image for sheaves). Let f : X — Y be continuous, where f), is the inverse image of
presheaves. By adjunction 1. Sh@(Y) — She(X) is defined to be the left adjoint of f,, ie.

(1) sy = ((Fp) () Dsnix) = (Fp(=) i) psuixy = (= Fi () psuiyy = (= f(-)sn <) |
3.3

Slogan. Stalks to points is what inverse images to open sets. Inverse images are “generalised stalks”.

Example 3.8. Recall that,
(1) for p : {*} < X, the adjunction (p_1 = p,) refers to stalk and skyscraper sheaf at p € X;
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(2) for m: X — {}, the adjunction (7~ - m,) refers to global section and constant sheaf.

Remark 3.9. By definition, constant sheaves are sheafification of constant presheaves, equivalently:,
(1) a constant sheaf A is exactly the sheaf F' with (F'), = A, or
(2) a constant sheaf A is exactly the sheaf F with T'(U, F) = Arumber of connected components of U

Proposition 3.10 (Exactness of f_l). =L s an exact functor, since it is defined by purely filtered
colimit (f,-part) and sheafification ((f, — f~Y-part).

A trick: (f71F), =p ' fTF = (f(p)'F = (F) f(p)-

Example 3.11. Direct image is not always left exact: just think about the right derivates ot global sections.
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3.2. Triple from open immersion: j! 5 +5,.

Definition 3.12.5ay 7 : U — X is an open immersion, whenever j factors through an open subset of X
via an isomorphism. One can simply view 7 as an inclusion of open subset when there is no ambiguity:.

Example 3.13 (j, - j,). The direct image j, : PShe(U) — PShe(X) sends F' to
(JuF): V > F(i~Y(V)) = F(UNV). (3.4)
The inverse image j,, : PShe(X) — PShe(U) sends G to
(JpG) : W = hgl GV)=GW). (3.5)
Wci(v)

(1) (Unit) The unit |id — j,j,| : PShe(X) — PShe(X) takes F' to the restriction F'(—NU).
(2) (Co-unit) Since j, is fully faithful, the co-unit [j,j, — id] : PShe(U) — PShe(U) is identical.

Example 3.14 (j L 7). In the above example, once G is a sheaf, IpG = 771G is also a sheaf.

(1) (Direct image) j, : She(U) — She(X) takes F'(—) to F(U N —).

(2) (Inverse image) j~ ' : Shp(X) — She(U) takes G(—) to the restriction G|.

(3) (Unit) [id = 57 14,] : Shp(U) — She(U) is an isomorphism. Hence, 7j, is fully faithful.
(4) (Counit) [j,5~F — id] : Shp(X) — She(X) sends G to G(U N —).

Notation. If . : Y C X is an inclusion of a subspace, then write (-)|y as the inverse image ¢~ 1(-).
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Definition 3.15 (Occasional left adjoint Jpt jp). Suppose that the algebraic structure € has the initial
object L. For G € PShe(X) and F € PShe(U), consider

(Faij>PSh@(U) ~{F(W) = G(W>}W€Open(U)
~{F(W) — G<W>}W€Open(U) U{L — F<W>}W/¢Open(X)
| useless information |
=: (JpiF', G)pshp(X)- (3.8)
Here j,(-) : PShe(U) — PShe(X) is the extension by initial.
(1) The unit id — 7,7, is identical (For adjoint triple F' 4 G 4 H, F' is fully faithful whenever H is).
(2) The counit jj, 7, — id send F' to

W — FU) (UCW); W= 1 (otherwise). (3.9)

Example 3.16. (j, 4 j1) For any F € She(U), one has Jpr " € She(X). Denote the sheaf functor j.
(1) (Unit) id — j714; : Shp(U) — She(U) is an isomorphism.
(2) (Counit) jij 1 — id : Shp(X) — She(X) send F to 51(F|y).

Remark 3.17. On the level of stalks, (j1F), = F, whenever x € U; otherwise (1F), = L.

Slogan. When the domain W has parts outside of U, the set of sections on W is L.

Proposition 3.18 (Exactness of j1). On level of stalks, j) brings more isomorphic stalks.

(1) 51 preserves monomorphisms, epimorphisms, and isomorphisms (check in stalk level).

(2) 1 is right exact since it is the left adjoint; j) is not right exact in general (consider li;n@ =T);
(3) For Abelian categories, j) preserves exact sequences, thus is exact.

3The terminal object always exists, since lim ) = T; whereas the initial object may not exists (e.g. Sets%@)
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3.3. Triple from closed immersion: i~ -, - it

Definition 3.19. Say ¢ : Z — X is a closed immersion, whenever ¢ factors through an closed subset of X
via an isomorphism. One can simply view ¢ as an inclusion of a closed subset when there is no ambiguity.

Example 3.20 ((z, -1 1,)). The functors are much more implicit than those in open sets.
The direct image is also a fully faithful functor. The inverse image ,, of presheaf sends G € PShe(X) to

(1,G)(UNZ)= hén G(W). (3.10)
{(UNZ)CW
[n this sense, (i,G)(U N Z) is the filtered colimit of the section over open sets containing U N Z.
The unit and co-unit is still implicit at this moment.

Remark 3.21. The most special thing about close embedding is that, for any p ¢ Z, there is some UyNZ = 0.

Proposition 3.22. By examination on level of stalks, 1, preserves monomorphisms, epimorphism and
1somorphisms.

The right adjunction, i,, is not right exact in general: once the direct image of i : ) — X preserves
finite co-prods, one has

T~ (F]]G) ~i(F) [Ti(G) =~ T]]T. (3.11)

For Abelian sheaves, 1, is exact since it preserves exact sequences.
Remark 3.23. There is also an occasionally right adjoint is ¢z, when € is “good enough”.

Notation. ¢ is assumed to have a zero object when we discuss supports.

Definition 3.24 (Support of a section). Take F' € Shp(X), and s € F(U). The support of a section,
Supp(s), is defined by the following equivalent statements.
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(1) Supp(s) := {s(p) # 0| p € U}, where this definition is from analysis.
(2) Supp(s) :={p | [s], # 0}, the definition via germs.
C

(3) Supp(s) := (U P(U) U ) , where P(U) means that s|;; = 0 (contrapose the second statement).

Definition 3.25 (Support of a sheaf). Take F' € She(X). The support of a sheaf, Supp(F') = {z | F, # 0}.

Remark 3.26. Supp(F') is not necessary a closed subset, e.g., take X = R the standard topology, € = Modp,
and F' the sheaf of continuous functions supported in R< . Now Supp(F') = R+ is not closed.
For some particular kinds of € (e.g., Ring), Supp(Ox) = Supp(ler(x @) must be a closed set.

Definition 3.27 (The occasional right adjoint of 7,). For any F' € She(Z) and G € Shpe(X),

(25 F, G)Sh@(X) ~ { (i, F)(U) — G(U)}UEOpen(X) (3.12)
~{F(UNZ)— G(U)}UEOpen(X) (3.13)
~ {F(U N 2) = {s € GU) | [s], # 0 forany p € U N Z} }erpen<X) (3.14)

sections supported in Z
*

= (F,i"(G))snp(2): (3.15)
Here i,i'(G) € She(X) is exactly the kernel of G(—) — G(— N (Z)€) (check in stalk level), thus is a sheaf.

Remark 3.28. There is no need to discuss 4 for presheaves, since our definition depend on stalks.

Example 3.29. The right adjoint i' does not necessary preserves epimorphisms. Otherwise, then we take
the unit map of the adjunction np : F — i, 1(F), which is epimorphism as one can check on level of stalks.
By assumption, the following composition should be an epimorphism

i'(np) i, is fully faithful
i(F) — ' (i,i 1F) s i L(F). (3.16)

Y
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Now consider the closed embedding p : {*} < R. For F' € She(R) the above morphism is 0 — F}, # 0.
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3.4. Topological Six Functors on Presheaves.
Notation. Let ¢ : Z — X is a closed immersion and 7 : U — X is an open immersion. Z = U¥°.

Example 3.30. For ¢ with initial object L, we have the diagram of five functors:
Ji i

Js
Here 7, - 714 is the adjoint triple, where 71 and 7, are tully faithtul.
The composition of the first row, i1 o jy takes H € She(U) to the constant sheaf L € Shp(U) *.

The composition of the second row sends G € Shp(Z) to the constant sheaf T € She(U).
For F' € Shp(X), the sequence

it it F=F — T c U,
L St p it e JEp=E 2 T (3.18)
| L —=F,=F)| peZ
Example 3.31. Suppose the category has zero object, we have the full diagram of 6 functors:
N j! N ,l:_l N
| Jx | z'! |

Here the left and right parts are adjoint triple, the composition of each row is 0.
e (Explanation of i'j, =~ 0.) For any F' € She(U), any section of (j,F)(W) supported in Z N W is zero.

4The sheaf takes value T for on () and | on non-empty sets. Since the product of L is L itself.
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Since T = L = 0, the sequence completes to
0— jij 'F—F —ii'F—O0. (3.20)
There is also a functorial kernel sequences
0— ii'F —F — j,jIF. (3.21)

Clearly, i,i'F — F' is a monomorphism (injection). For exactness’ at F":

(1) Assume p € Z. For any [s],, € F},, whenever there exists ¢ € [s],, supported in Z, ¢ has zero germs in V.
(2) Assume p € U. Trivial.
Proposition 3.32. Let C be an Abelian category. PShe(-) is also Abelian.

Ji i1

Sh@(U) — 1 — Sh@(X) . Sh@(Z) : (3.22>

j>|< i!
Red (resp. blue, purple) arrows are exact (resp. fully faithful, both). Moreover,
0—jij 'F—F—ii 'F—0, (3.23)
0—idF —F—jjF (not right exact). (3.24)

Remark 3.33. The second arrow is not right exact in general. The first sequence is deduced purely on stalks
level; whereas the deduction of the second sequence is partially based on open sets.

Definition 3.34 (Flasque sheaf). Say F' € Sh(F') is flasque, whenever Res is always a surjection.

! 9
5Let € be with zero object. Say X — Y — Z is exact, whenever g~ 1(0) = im(f).



Topological Six Functors» Topological Six Functors on Presheaves Page 33

Remark 3.35. For flasque sheaf F', the morphism F — .5 1 F is a surjection and thus an epimorphism. The
second sequence completes to a short exact sequence

0— i F— F—jj 1F—0. (3.25)

Example 3.36. Roughly speaking, the global section of a flasque sheaf carries information of section on the
subspaces. The flasque sheaf is somehow related to “separable”. For instance,

(1) The constant sheaves are not flasque in general, e.g. F(R) — F(R,) ~ F(R)®2.
(2) (ILF)(-) := Hp () F, is flasque. Hence every sheaf embeds to some flasque sheaves.

(3) One can apply “Yoneda trick” to some of the categories, e.g. for any inclusion ¢ : U — V', one has

(i) = (F(V) = F(U))set = ((hy, F)psh(x) = (hys F)psn(x)) = (his F)psh(x)- (3.26)
Here hyy := (—,U)open(x)- If (hy, F) s an surjection (e.g., F'is injective), then F'(2) is an surjection.

Proposition 3.37. For a cateogorical explanation of “flasque”, the right derive R®T'(U, —) vanishes.

g
Take 0 - FF — G — H — 0 as the exact sequence for sheaves where F' is flasque. We shall show that

U
GU) — H(U) is always a surjection.
For any section h € H(U), the test of sheaf epimorphism says that
o there exisls a gluing h = | |; h;/ ~ such that every h; € H(U;) is the image of some g;.

For any pair (¢,7), one has
(9i = 9j)lu,nv; € ker(gu,nu) = m(fu,nu,)- (3.27)
Now we can free extend the sections in F'! We assume F' is a subsheaf of G for a shorthand. Take
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such that, by gluing ggj gg i one has g; ; € F(UZ-UU]-). By such procedure, one can “kill” any fintie many
indices in I. The “exhaustion” of the induction gives h € im(fi7), which shows that G(U) — H(U)

s a surjection. The “erhaustion” is reasonable, since filtered colimits preserves open sets, and I is a
filtered colimits of its finite subsets.

Remark 3.38. The proof is similar for pointed categories.

f g
Proposition 3.39 (Partially 2-out-of-3). Take short exact sequence of sheaves, 0 - F — G — H — 0.
Suppose that F' is flasque, then G is flasque whenever H is flasque.
For any inclusion v : U C V', one has coker(F'(v)) = 0. Hence coker(G(1)) = 0 <= coker(H(¢)) = 0.

Remark 3.40. Left adjoint functors preserves flasqueness, by commuting lemmas.

Example 3.41 (MV base sequence). We rewrite (= occasionally exists)
0—>Ty,(F)—F— I'y(F) = 0; 0— Fy - F— Fy; —0. (3.29)
ii'F G HF) JjLE iy i LF

By checking exactness on level of stalks, one has the following sequences.

(1) For covering of closed subspaces Z1 U Z9 = X there is a pullback-pushout square:

O%F%le@FZQ%leﬂZQ%O' (330)
(2) For covering of closed subspaces Z1 U Z5 = X, there is a pullback square:
O%F21QZ2(F>%FZI(F)@FZ2<F)%F:>O. (331)

(3) For open covering of open subspaces Uy U Uy = X, there is a pullback square
O%FUlmUQ%FUl@FUQ%F—)O. (332)
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(4) For open covering of open subspaces Uy U Uy = X, there is a pullback square
00— F — PUl O FU2 —> FUlﬂUQ = 0. (3.33)

Example 3.42 (Example from Homological Algebra). The ideal comes from quasi-coherency, roughly speak-
ing, finitely presented modules.
Let € be an additive category:.

Example 3.43 (More on constant presheaf). Take the canonical morphism 7 : X —» {x}.

(1) The direct image 7, : PShp(X) — € is just the global section.
(2) The inverse image ), : € — PShe(X) sends A to the constant presheaf A.
(3) We claim that 7, : PShe(X) — € sends F' to F'(), since

(mp Ay Am,) = ( hén = (—) h;n ) (3.34)
Open(X)oP Open(X)oP
(4) “mpr” has a left adjoint, constructed by “void map 4 : ) — X" We find that m,) = i E i1, sending
C — PShe, A [0+ A, (—0)— 1] (3.35)

Form the perspective of free-forgettul adjunction, ) torgets only properties since it is the left-left adjoint
of a fully faithtul functor. The “free” lett adjoint of m restrict anything from the initial.

(5) m, also has a right adjoint. By observation, hénO (X)op purely depends on X, i.e. independent from
pen 0
the choice of topology. It is straight forward to verify the right adjoint of m, sends
C — PShpe(X), A [X—>A —-XB T (3.36)

It follows that we have the adjoint pentuple

AH[XHA

ﬁxml LOTO-) 4 (5 4 T(X,—) - AH[@H ! 3.37)
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Remark 3.44. Consider — ~ Open({*}). One has (L — 7) 4 ¢ 4idg 4 s - (? — T) for morphism
categories.

Example 3.45. A basic fact: the adjoint triple L 4 M - R gives adjoint endofunctors LM < RM.
For instance, let ¢ : Ord<,, — Ord_, be the inclusion of finite ordinals < n.

One can identify ¢ = 71 := Open([n]) — Open(N) where 7(d) = min(d, n). Hence,

[T Ay Am] = () A (7). (3.38)

p
It is exactly the adjoint of “skeleton” - “coskeleton”

4. RECOLLEMENT OF CATEGORIES

4.1. Six functors from Localisations of Additive Categories.

Notation. For the most basic settlement for homological algebra, categories are additive.

Example 4.1 (Where to glue €7). For € be additive. Take the Yoneda embedding

Ly : € — AddFunct(C°P, Ab), % (—,*). (4.1)
We write AddFunct(€C°P, Ab) =: Ab(C) for simplicity. Now there is
[Q— CAD(C) 2 C . (4.2)
A

Remark 4.2. Ab(C) is somehow too large to handle. In practice, we usually consider the “smallest” Abelian
category which has a subcategory equivalent to €.
In short, the aim is to find € < € where the least information is lost.
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Example 4.3. Here is a sequence where we make an additive category € “complete”.

additive -~ Karoubian — . finite cocomplete -, finite cosmoi - cosmoi
: (4.3)

_ —cok
e e” N - ab(C) - Ab(C)

(1) Kabourian means that idempotent morphism f2 = f has kernel and cokernels, or simply complete w.r.t.

summand for additive cases.
Example: let € be the category wherein the objects are small open subsets of Un oy R™ and moprhisms

—b . :
are smooth maps. Now €  is the category of smooth manifolds.

(2) Finite cocompleteness means all small diagram has colimits, or simply “cokernels exists” for additive cases.

(3) Cosmoi means complete and cocomplete.

—cok
Proposition 4.4. e quotient of the morphism category C.

—cok
Notice that G is taken from the Yoneda embedding € < Ab(C). Hence,
(_7f>

—cok f
o [ € Ob((‘?CO er) is represented by some X — 'Y € Mor(C), via (—, X) —— (—,Y) = F(—) — 0.

—cok

To see that C  has cokernels, we take arbitrary F; := coker((—, f;)) and consider the 2-term projective
resolution P?. coker(p : Iy — Fy) is exactly HY(Cone(¢®)) =~ coker((—, P21 ® Plo) — (—, PQO))
Definition 4.5 (Finite presented). For additive cateogry € coker, define the finitely presented category ab(€)
as the homotopic category €/ ~. That in, the objects are of the form F'(—), identified by a morphism

(—, X) ﬂ (—,Y)— F(—) = 0. (4.4)
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__cok —cok
Proposition 4.6. C s abelian, iff C " has kernels, iff > 3 terms projective resolution exists, iff

any (—,Y) — (—, Z) fits into an exact sequence (—, X) — (=, Y) = (—, Z), iff C has weak kernel.

—coker

Remark 4.7. By Yoneda trick, (—, X) is the projective object in € . Here is a comparision with Mod:

—coker

o (—, X)) is to finitely genereated projective modules, is what F' € € to finitely presented modules.

Example 4.8. Now, our diagram becomes

coker(—, ©) ? ?
—1
IS 45
(—Xx). " x

L exists, it follows from the adjunction that

(j_l(COker(_a p)), X)e = (coker(—, p), (—, X))coker(é’)

~ ker((—, 90), (_7 X))coker((l))
(Yoneda) =~ ker(p, X)e

~ (coker(p), X)e.

Where the red arrows are tully faithful. Whenever 3~

/N 7/ N 7 N /N
.
O© 0 ~J O
N—— —— ~——

Remark 4.9. 1t is resonable to assume ¢ has cokernels.
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Proposition 4.10. We have show 0 — i!i!F — F — j*j_lF for sheaves, thus wish that

coker(—, ) . . coker(¢p)
ker(i 1) e e i e - (o)
<"""""""""""":!_ ________________________ .
ker[coker(—, ) — (—, cokerp)] coker(—, ¢) .

is an adjunction. To see that (G(=), j t(coker(—, ¢))) =~ (G(—), (—, coker(y))), it suffices to show
that any composiiton

G(—) — coker(—, ) — (—,coker(y)) (p: A — B) (4.11)
is zero. For any X € €, the map G(X) — (X, coker(y)) factors through
(X, A) = (X,B) — (X, coker(y))), (4.12)
which is zero.
—cok
Remark 4.11. Form the perspective of stable categories, 771 : C " @ erases phantom functors.

Definition 4.12 (Localisation of categories). The general approach for localisation: given any category C,
and a class of morphisms .S, construct the “path cateogory” by adding inverse morphisms in S, define some
resonable equivalent classes of morphisms, and finally define the quotient category €[S _1]. The localisation
is the composition of

generate the path category . quotient some paths

Q:C > C > C[S™1, (4.13)
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which in identical for objects, and morphisms are equivalent classes of the compositon

—>0<&E&= 0 —>0<&=0 —> 0o . —> 0 <— 0 — 0 <— , (414)
finite many

Here <= is the formal inverse of some S in C.
We highlight that the construction is based on NGBC axiom system rather than ZFC.

Remark 4.13. The “equivalent classes in a category” is the same thing as the filtered colimits of large diagram
(whose base set is a proper class). It is no need to introduce NGBC axioms strictly; just remember that,
never take class of classes, and always state the uniqueness under equivalences.

Proposition 4.14 (Universal property of localisation). Let Q) : € — C [S_l] be the localisation. For any
functor F : € — D sending each s € S to some isomoprhism in Mor(D), there is a factorisation

e Cl1S™ LNy (4.15)

In sense of equivalences of categories, the factorisation is unique.
Remark 4.15. This is not the “universal property” in our convention.

Proposition 4.16. Here are some remarkable properties of localisation which are easy to proof:

(1) if C[S™Y and C[T™Y factors through each other, then the categories are equivalent;

(2) the pre-composition (—o Q) : Funct(C, D) is fully faithful, i.e. the natural transformations (Fy, Fy)
and (F1Q, F5Q) coincides;

(3) localisation preserves finite colimits’ ;

There are some special cases of localisation for additive categories.

(1) When S is cloesd under finite “matriz direct sums”, then the localisation category is additive.

6Be careful when during the proof of (€ x D)[(S x T)~1] ~ (C[S71]) x (D)[T 1], one can use “Yoneda lemma” to show that both sides satisfies the same universal property
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(2) The stable category C/B is a localisation, where S are morphisms factors through objects in B.
(3) For some cases, S satisfies some “Ore properties” such that the zigzag morphisms are simplified.

The localisation of additive category is not necessary additive: take Vecr and S = {0 — R}.
Slogan. The upper part of the six functor diagram comes from localisations!

Example 4.17 (The construction of localisation sequences). Let L : € — D be a left adjoint functor, and
denote its the right adjoint R. Suppose that there is some class of morphism S C Mor(€) such that L(.5)
are isomorphisms in 2.

It takes some times to verify that, R is fully faithful whenever €[S~—!] — 2 is an equivalence. Now,

/ @[51]\&, . (4.16)

ker L L & L D

* ker of unit R

The proofs on localisations are usually locally complicated and globally unreadable.

If L is an equivalence, then we have the following fully faithful pullback

L*:(D,D)— (€,D), T+ TolL. (4.17)
Hence, L* gives the isomprhism ® : Nat[id,,, LR] = Nat[L, LRL]. The preimage of Lnis 6 : id,, — LR.
(1) The composition of id., (id—D)>9 (idp)(LR)(idp) E(&;) idyp is idyq, , since

ef € Natlidy,idp] = Nat[L, L] > e0L. (4.18)

€L 6L el Ln el .
Hence, [L — L] = [L — LRL — L] = {L — LRL — L} =id;.

6(LR) (LR)e
(2) the composiiton of LR — (LR)(idp)(LR) — LR isid} g, since

(LR)eo§(LR) € Nat[LR,LR] = Nat|[LRL,LRL] > (—)L. (4.19)

(=)L OLRL LReL L(nR)L L(Re)L )
Now |LRL — LRL| = [LRL — LRLRL — LRL} =|LRL — LRL — LRL|=idyp.

We learn from above that (id, LR) is a adjoint to 2 — D, hence LR is a natural isomoprhism. As a result, R is fully faithful.
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Proposition 4.18 (Construct localisation without “2D”). Let € be an category. Suppose that there is an
endofunctor I : € — € and a natural transformation Mide — I, such that

In=nl:1—1o1l (4.20)
s a natural isomorphism. There is a diagram picture for this subsection
X . LX
ker L e C i Cimi(1) - (4.21)
| it Jx -
ker(ny) - X S+

The notation S+ is discused as follows.

Example 4.19. There are another ways to charactarise im by taking “sub” instead of the “quotient”. Let
S+ C Ob(C) be a collection of objects charactarised by the following equivalent statements.

(1) X € S+ whenever (—, X)p — (—, X)C’[S—l] is an natural isomorphism in Funct(C°P, Sets).
(2) X € S+ whenever (s, X)e is a bijection for any s € S.
In this case, S is eqivalent to iml(I ).

Remark 4.20. The notation and the general theory comes from torsion pairs.
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4.2. Glueing Serre subcategory.

Definition 4.21. Let A be an Abelian category. Say the tull subcategory A 'isa Serre-subcategory, whenever
A 1s closed under subobjects, quotients objects, and extensions.

Slogan. In short, the Serre-subcategory means“two out of three on short exact sequences”.

Definition 4.22 (Serre quotient). Let 7 C A be a Serre sub-category. Define
AJT :=A[ST1] (s € S) <= kers and coker(s) € Ob(T). (4.22)
Here S is indeed a multiplicative system (both left and right).

Example 4.23. The construction of A /T is implicit. At least it is clueless to determine whether A /T is
Abelian or not. Recall that the localisation w.r.t. (left) multiplicative system is defined over a “large filtered
colimit” (equivalence relation of categories), i.e.

lim (X, M) 42 (X,Y) 47 (I'={(s,M) | (s:Y — M) € 5}) (4.23)
(s,M)el
Since S is closed under epi-mono factorisation, it suffices to see the cofinal filtered system

i (X, M) 4= (X.Y) 47 (I:={(s,M) | (s: Y »M) € 5}). (4.24)
(s,M)el

For right multiplicative system, the filtered colimits takes over subobjects of X.

0 1 2

>< >< l >< l . (4.25)

0 1 2
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Suppose that A somehow concrete (well-powered and AB5), one has

(X, Y) g7 ~1m(Sy, Qy)y  (Sx = XandY = Qy €5). (4.26)

Now A /T is Abelian. For instance, ker™/ T( f-171) and kerﬂ( f) satisfies the same universal property:

X ker f) g 71 x =~ Am(Sx ker f) 47§ x o ker (S, f) g7t x o ther(X, f) g7 b (4.27)
Sy SX

Example 4.24. Some properties related to isomorphism theorems. Here is a comparison with Verdier
quotient of triangulated categories.

(1) Kernel of an exact functor is a Serre subcategory.

(2) Kernel of an A functor is thick subcategory.

(3) Whenever exact functor F': A — B annihilates T, F factors through the localisation A /T .

(4) Whenever A functor F': A — B annihilates 7, F' factors through the localisation A /T .
(5)

SLet T C T C A be 2 inclusions of Serre subcategories, then T is also the Serre subcategory of A.

/

Moreover, T /T C A/T is also an inclusion of Serre subcategory and Z //77, ~ T /A
(6)Let T C T " C A be 2 inclusions of thick subcategories, then J is also the thick subcategory of A.
Moreover, T /T C A/T is also an inclusion of thick subcategory and Z //; ~T /A

Example 4.25. Here we setup of localisation of Serre subcategory. Suppose the exact functor A — A/C
admits two-sided adjoints. Now there is a picture

Ty A AT (4.28)
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Along with the kernel sequence (lower part)

0—idA— A—jj 1A, (4.29)
and the cokernel sequence

it A = A =i TA = 0. (4.30)

Proposition 4.26. A criterion for S+. For any Y € S+ and any X € T :
(1) (0gx,Y) 4 is a bijection, hence (X,Y) 4 = 0;

f
(2) For any short eract sequence 0 - Y — E — X — 0, (f,Y) is a bijection. Hence, f is a split
monomorphism and thus Extl(X, Y)=0.

Conversely, suppose that “Hom(—,Y) and LExtl(—, Y) are zeros on C.

(1) For any monomorphism i € S, one has

05ASB>X 0= 0=(X,Y)= (B,Y)> (4,Y) - Ext'(X,Y); (4.31)

(2) For any epimorphism p € S, one has

Y

0 X—CoD=0 = 0= (DY) (C,Y)= (X,Y)=0. (4.32)

Hence, Y € S+,

Remark 4.27. The analogue in triangulated is the t-structure.



Recollement of categories» Glueing Serre subcategory Page 46

Example 4.28. Where the ideals comes from? Let A be Abelian categories with injective envelope, and T
a Serre subcategory. Suppose the localisation sequence (lower part of 6-functors) of Serre subcategory.

Inj(T) - Inj(A) Inj(A/T) = Inj(St)
7 7 i I (4.33)
! : : 1 : |
T & A / AT = st
z' ]>|<
Then there is a functorial decomposition of injective objects, making
Spec(T) L Spec(T ) =~ Spec(A/T). (4.34)

Unwinding the topologies, the “spec” here means the isomorphism classes of injective envelopes. The ideal
comes from Matlis duality:.

Remark 4.29. A is usually a Grothendieck category, and T is a Serre subcategories closed under coproducts,
thus is also a Grothendieck category.

Example 4.30. Where the Grothendieck categoryies usually found?
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Exg,
= lﬂ Grothendieck
' SERS P By As
L.f.p. A ~  Lex(C°, Ab) (h—> Lex(Coh(C, Ab), Ab) Funct(C’, Ab) Funct(C?, Ab)
4 h "ﬂﬁi
T4:F o lim  F(K)
Kl|~|C W WEES WEES | ~ | RE Ex(Coh(C, Ab), Ab) < : > A O 1 |Spec
= EERIBEX
4"’ J_l -
M N il AN N
Lex“ IC(A) ~ C ¢ » Coh(C, AD)°P ~vmnmnnsnsnnnssossonsonssonsonsossonsronsonsooconsoeccensy Coh (C! ) Ab) Funct(C, Ab)°P
| KR, | |
G.U. %18 e P Bcok "t * Abel 3385 ? Isbell &
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4.3. Approximation, and more.

Example 4.31. Back to ¢ : 2 — €. There is an induced
e L AD(C) = Ab(D), G(=) = Glp(—)). (4.35)

From axiom of choice, any module M admits some presentation R® — RO s M — 0. Hence we wish

there are some “categorical colimit” for F'(—) = h;gn(—, X), such that there is ¢y 4 @1
C . 4 D
k _________ o k | (4.36)
Ab(C) Ab(D)
ol
The isomorphism comes from
Yoneda _ :
~ (=, ¢(X)), G(=)) ap(p) = (= ¢(X)), G(=)) ab(D)- (4.38)
Under “some condition”, one has that
o o1 Lp—l o1 %)_1 . (4.39)
C . ab(C) . Ab(C)

where the presentation of ¢(coker(—, (f)))p = coker(—, o(f))pe. A condition is that ¢ is an inclusion of
covariant finite subcategory, which state that ¢ € € admits a precover of some d — c.
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Under the settings above, we can complete the upper part ot the picture:

C/D . i e . J D
[ o o . (4.40)
ad(C/D) | . ab(C) — ab(D)
1y j_

When all arrows exists, there are 6-commutative squares | ok = Ko |.

Example 4.32. For Serre subcategory with good conditions, one has

o it o noo
1
S, Z* u/q ]_1 _— 7
i s . (4.41)
71 J
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Example 4.33. A ring is a degenerated category. Let R be a ring and with idenpotent element e = e.
_®€R6(6R)R

MOdR ) MOd R
(ere(¢R) pr—) R e

(4.42)
eRQp—

MOdRop ; MOd(eRe)op

)
<

<6R<6R€)Op7_>
Now we generalise R to a additive categories € of Lex-type. Then fix any object X € Ob(C€), and take

D
D:{X} (the projective objects generalised to X). One has the diagram
N R
C)/@ 7 1 C) (2 D
I i . (4.43)
J) I 71 |

There may be some problems in this diagram (but at least it is true for commutative Artinian rings, or for a
big functor category Ab). We leave it as a conjecture.



Recollement of categories» Rerollement of Triangulated Categories (and its uses) Page 51

4.4. Rerollement of Triangulated Categories (and its uses).

Definition 4.34 (Gluing (rerollement) of triangulated categires). The data: three /\ categories and six
functors along with a diagram

i1 I

W, (4.44)

[/

i Ly
satistying the following conditions
(1) the left triple and right triple are adjoints;
(2) the composition of rows are zero;
(3) i ] 1() — () = i, Y) = 5177 Y()[1] is functorial from objects to distinguished triangles:
(4) i) = () = jg () = i, 1()[1] is functorial from objects to distinguished triangles;
(5) all red functors 7y, 7, and ¢, are fully faithful, thus the remaining 4 units (counits) are isomorphisms.

For Serre subcategories, or sheaves in general, the exact sequences are only half-exact.
Proposition 4.35. The ezactness of rows: ker(i ') = iml(j!), etc., follows from /\.

Remark 4.36. From series of works due to 7, the left (resp. right) part of the rerollement completes to the whole
picture (unique under equivalence). There are also discussions on split rerollement (sheaves over component).

Example 4.37. (and its uses). Some remarkable works on rerollement of triangulated categories.

(1) (Happle’s work on “finite dim gl conjecture”) Let D(B) <= D(A) <= D(C') be a recollement of derived
categories over Artin algebras. gldim(A) < oo (B has finite global dimension) whenever gl dim(B) +
gldim(C') < oo.
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(2) (A picture from Konig.) Assume there is rerollement of
i1 J!
D~ (B) iy D~(A) — ;j1— D (C) (4.45)
z' ]>|<
(a) Assume cither gl dim(C) < oo or gldim(C) < oo, the diagram restricts to DP;
e Only lower half of the diagram exists in general.
(b) When gl dim(C) < oo, the diagram restricts to K°(Proj(—));
e Only upper half of the diagram exists in general.
(¢) (V) recollement of triangulated categories recollect t-structures.
(X)) — X — iH(X)
1 @ L
4=0 =0 B=0
, i1 J
4=0 i =<0 J B<0
I ' . I
i'(Y) . 4 Yy J Y

Suppose that A <= B <= € are recollement, where the t-structures pf A and € are given.

There is an induced ¢ structure for €, where
()Y € =0 whenever j71(Y) € B=0 and ¢(Y) € A=0,



Recollement of categories» Rerollement of Triangulated Categories (and its uses)

Page 53

(ii) X € €2V whenever j71(X) € B2V and i~ 1(X) € A2V,

Definition 4.38 (t-structure). Let (D, [1], /\) be a triangulated category.
One can simply view D as a derived category of a Abelian category:.
A t-structure of on D is a pair of tull subcategory (DSO, DEO),

A simple example: D! = Chl(ﬂ)/ ~, where X € ChI(/l) = {H(X)=0]1i¢ S}

such that

(1) D2V is closed under suspension [1], and D= is closed under desuspension [—1].
(2) (=, —) : D=V x D=1 — 0 (or simply (—o0, 0] N [1, +00) = 0).
(3) Every object X admits a t-factorisation (—)<g —+ X — (—)>1 = (—)<ol1].

Proposition 4.39. The heart DY := D291 D=V js an Abelian cateqory.
For simple cases of derived categories, A < DY A is fully faithful.
By support of homological groups, it is easy to quess

ker(f) = (ker™(f))<p, coker(f) = (coker™ (f))sg.

The amazing part is that coim ~ im s due to octagon lemma.

(4.47)

Remark 4.40 (stable t-structure). Say a t-structure (DS, DZ) is stable, if both D='= are triangulated.
In short, stable means closed under [4+1]. The “combinatorial” examples (e.g. the derived category) are not

stable, thus we never use the notation D='< for stable t-structures thenceforth.
A series of examples of stable triangulated categories come from projective-acyclic pairs.
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